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KL:LBKLBQ?KD:Y�FH>?EV�R?GGHG:–<BG?J: 

Ijb\h^ylky�nmg^Zf_glZevgu_�ihgylby�b�ij_^klZ\e_gby�l_hjbb�bg�

nhjfZpbb��hkgh\Zgghc�gZ�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ��H[�
km`^Zxlky�eh]Zjbnfbq_kdb_�f_ju�wgljhibb�b�bgnhjfZpbb�jZaebqby�^ey�

Z^^blb\guo�kemqZcguo�h[t_dlh\�b�f_lh^u�bo�ihemq_gby�� 
GZqZeh� klZlbklbq_kdh]h� ih^oh^Z� \� l_hjbb� bgnhjfZpbb� k\yaZgh 

k�jZ[hlZfb�J��OZjleb�>��@��D��R_gghgZ�>��@��G��<bg_jZ�>�@��<�:��Dhl_ev�

gbdh\Z�>������@��:�G��Dhefh]hjh\Z�>��–��@�ih�l_hjbb�i_j_^Zqb�bgnhjfZ�
pbb�ih�kbkl_fZf�k\yab�b�J�:��Nbr_jZ�>������@�ih�l_hjbb�iZjZf_ljbq_kdh�

]h�hp_gb\Zgby�\�fZl_fZlbq_kdhc�klZlbklbd_� 
<�hlebqb_�hl�ljZ^bpbhggh]h�baeh`_gby�hkgh\�l_hjbb�bgnhjfZpbb��

ij_^klZ\e_ggh]h��gZijbf_j��\�fhgh]jZnbyo�>����������������������������������

��������������@��\�^Zgghc�]eZ\_�gZjy^m�k�hij_^_e_gb_f�\a\_r_ggh]h�kj_^�

g_]h� \i_j\u_� \\h^blky� \a\_r_ggh_� kj_^g__� ]_hf_ljbq_kdh_� ^ey� dZ`^hc�

kemqZcghc� \_ebqbgu��LZdhc� ih^oh^� iha\hebe� klZlbklbq_kdbf�� \ZjbZpb�

hgguf�b�]jmiih\uf�f_lh^Zfb�hij_^_eblv�h^bg�lbi�Z^^blb\ghc�wgljhibb�

b�bgnhjfZpbb�jZaebqby��aZ\bkysbo�hl�kj_^gbo�]_hf_ljbq_kdbo�^ey�jZk�

ij_^_e_gby� 

�����<_jhylghklv��<a\_r_ggh_�kj_^g__� 
B^_y� dhebq_kl\_gguo� f_j� \� bgnhjfZpbhgguo� ij_^klZ\e_gbyo� kh�

klhbl�\�lhf��qlh�jZkkfZljb\Z_lky�\_jhylghklgh-klZlbklbq_kdh_�hibkZgb_�
h[t_dlZ��ijhp_kkZ��kbkl_fu�beb�kb]gZeZ���dhlhjuc�bf__l�^bkdj_lgu_�beb�

g_ij_ju\gu_�kemqZcgu_�khklhygby� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby�� 
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Hij_^_e_gb_� ���Ghkbl_e_f� bgnhjfZpbb� y\eyxlky� ^\Z�fgh`_kl\Z��

fgh`_kl\h� \k_o� khklhygbc� h[t_dlZ�� hibku\Z_fuo� jZkij_^_e_gb_f� \_jh�

ylghkl_c� { }1, , mp p p= !  ( )0, 1, 2, ,ip i m≥ = ! �b�fgh`_kl\h�kemqZcguo�

\_ebqbg� { }1, , mT T T= ! ��oZjZdl_jbamxsbo�h[t_dl�� 

Hij_^_e_gb_����<a\_r_ggh_� �kj_^g__� �dZ`^hc� �kemqZcghc� �\_ebqb�

gu�T �\�khklhygbb�k�jZkij_^_e_gb_f� p �jZ\gh 

 ( )

m

i i
i
m

i
i

T p
T

p
=

∑

∑
E ,   (1.1.1) 

]^_�m  –�qbkeh�\hafh`guo�khklhygbc�h[t_dlZ�b 

 0 1
m

i
i

p< ≤∑ .  (1.1.2) 

Bkihevam_lky�mkeh\b_�\_jhylghklghc�ghjfbjh\db�jZkij_^_e_gby 

 1
m

i
i

p =∑ ,  (1.1.3) 

ijb�\uiheg_gbb�dhlhjhc�\a\_r_ggh_�kj_^g__�ijbf_l�ke_^mxsbc�\b^� 

 ( )
m

i i
i

T T p= ∑E .  (1.1.4) 

AgZq_gby� ip � \� \ujZ`_gbyo� �������� b� �������� ij_^klZ\eyxl� kh[hc�

lZd�gZau\Z_fu_�\_kZ�agZq_gbc� iT ��<�^Zevg_cr_f�wlb�\ujZ`_gby�[m^_f�

gZau\Zlv�ijhklh� kj_^gbfb�� _keb�\_kZ�g_�bf_xl� k\h_]h�h[hkh[e_ggh]h 
ij_^klZ\e_gby� 

?keb� 1ip = �� lh� \ujZ`_gb_� �������� jZ\gy_lky� h[uqghfm� kj_^g_fm�

Zjbnf_lbq_kdhfm� 

 ( ) 1 m

i
i

T T
m

= ∑E .  (1.1.5) 

Ba�hij_^_e_gby ��\ul_dZxl�hkgh\gu_�k\hckl\Z� 

���H^ghjh^ghklv ��Ijb�aZf_g_� p �gZ� ap ( )0a > �\a\_r_ggh_�kj_^�

g__�y\ey_lky�h^ghjh^guf�nmgdpbhgZehf�gme_\hc�kl_i_gb�hlghkbl_ev�

gh p ��lh�_klv�\uihegy_lky�k\hckl\h�h^ghjh^ghklb� 
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��� Ghjfbjh\Zgghklv �� >ey� g_kemqZcghc� ihklhygghc� \_ebqbgu� C 
bf__f�jZ\_gkl\h� 

 ( )C C=E ,   (1.1.6) 

kijZ\_^eb\h_�ijb� 0C = �b�C = ∞ ��<�qZklghklb��ijb� 1C = �ba���������ke_^m_l�

( )1 1=E ��qlh�hagZqZ_l�ghjfbjh\Zgghklv�\a\_r_ggh]h�kj_^g_]h�gZ�_^bgbpm�� 

���:^^blb\ghklv��Imklv� kemqZcgZy� \_ebqbgZ� 12 1 2T T T= + � jZ\gy_lky�

kmff_� kemqZcguo� \_ebqbg� ^\mo� g_aZ\bkbfuo� h[t_dlh\��Kh\f_klgh_� jZk�

ij_^_e_gb_� \_jhylghkl_c� agZq_gbc ij i jT T T= + � fmevlbiebdZlb\gh�

ij i jp p p= � �l_hj_fZ�mfgh`_gby��b�ghjfbjh\Zgh�
m n

ij
i j

p =∑∑
m

i
i

p =∑  1
n

j
j

p =∑ . 

Lh]^Z�ihemqbf�jZ\_gkl\h 

 ( ) ( ) ( )12 1 2T T T= +E E E .  (1.1.7) 

>ey� kemqZy� h^gh]h� h[t_dlZ� kh� kemqZcghc� \_ebqbghc� 1 2U U U= +  

bf__f� 

 ( ) ( ) ( )1 2U U U= +E E E .  (1.1.8) 

A^_kv�kj_^gb_�agZq_gby 

 ( ) ( )12 , ,
m n m

ij i j i i
i j i

T T p p U U p= =∑∑ ∑E E   (1.1.9) 

 ( ) ( )1 2, ,
m n

i i j j
i j

T T p T T p= =∑ ∑E E   (1.1.10) 

 ( ) ( )1 1 2 2, .
m m

i i i i
i i

U U p U U p= =∑ ∑E E   (1.1.11) 

JZ\_gkl\Z� �������� b� �������� hagZqZxl� Z^^blb\ghklv� gZ[ex^Z_fuo�

fZdjhkdhibq_kdbo�\_ebqbg� 
���FmevlbiebdZlb\ghklv ��Kj_^g__�agZq_gb_�ijhba\_^_gby�g_aZ\b�

kbfuo�kemqZcguo�\_ebqbg� 1 2T T �^ey�h^gh]h�beb�^\mo�h[t_dlh\�jZ\gh�ijh�

ba\_^_gbx�kj_^gbo�agZq_gbc 

 ( ) ( ) ( )1 2 1 2  T T T T=E E E .  (1.1.12) 
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5. f -\a\_r_ggh_�kj_^g__��NmgdpbhgZevgh_�h[h[s_gb_�\a\_r_ggh�

]h�ghjfbjh\Zggh]h�kj_^g_]h�aZibr_lky�lZd 

 ( )
( )

( )

m

i i
i

f m

i
i

T f p
T

f p
=

∑

∑
E .  (1.1.13) 

?keb� ( )i if p p= ��lh� f -\a\_r_ggh_�kj_^g__�kh\iZ^Z_l�k�\ujZ`_gb_f�

(1.1.1) 
Hij_^_e_gb_� ��� Hldehg_gb_� kemqZcghc� \_ebqbgu� iT � hl� kj_^g_]h�

agZq_gby�_klv�nemdlmZpby� 

 ( ) ( ), 0
m

i i i i
i

T T T T p∆ = − ∆ =∑E .  (1.1.14) 

Hij_^_e_gb_� ���GZqZevgu_�b�p_gljZevgu_�fhf_glu� n -]h�ihjy^dZ�
kemqZcghc�\_ebqbgu�T �jZ\gu 

 
m

n
n i i

i
T pα = ∑ ,  (1.1.15) 

 ( )
m n

n i i
i

T T p µ = − ∑ E .  (1.1.16) 

Ijb� 2n = �ihemqbf�^bki_jkbx 

 ( ) ( )
2

2
2

2

m m m

i i i i i i
i i i

T T T p T p T p
  µ = = − = −     

∑ ∑ ∑D E .  (1.1.17) 

KlZlbklbq_kdZy�aZ\bkbfhklv�^\mo�\_ebqbg�oZjZdl_jbam_lky�dhwnnb�

pb_glhf�dhjj_eypbb 

 ( ) ( )
( ) ( )

1 2
1 2

1 2

,
T T

r T T
T T

∆ ∆
=

σ σ
E

,  (1.1.18) 

]^_�bf__f�d\Z^jZlbqgu_�hldehg_gby� 

 ( ) ( ) ( ) ( )1 2 1 2

1 1 2 2,T T T T   σ = σ =   D D .  (1.1.19) 

Hl^_evgu_� fhf_glu� bf_xl� kms_kl\_ggh_� agZq_gb_� \� klZlbklbq_�

kdhc�l_hjbb�bgnhjfZpbb��ihkdhevdm�y\eyxlky�gZ[ex^Z_fufb�fZdjhkdh�

ibq_kdbfb�\_ebqbgZfb��kh^_j`Zsbfb�dhebq_kl\_ggu_�bgnhjfZpbhggu_�

k\hckl\Z�h�kemqZcghf�h[t_dl_� 
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>Ze__�jZkkfhljbf�\_jhylghklgh_�ijhkljZgkl\h�k�g_ij_ju\ghc�f_jhc� 

 ( ) ( ) ( )+ � �
G

G p X dX p X= < < ∞∫ ,  (1.1.20) 

]^_� ( )p p X= � _klv� nmgdpby� iehlghklb� jZkij_^_e_gby� \_jhylghkl_c� ih�

g_jZ\gh\hafh`guf�fbdjhkhklhygbyf� X �\�h[eZklb� G ��<�h[s_f� kemqZ_�

nmgdpby� fh`_l� aZ\bk_lv� hl� \j_f_gb� t � b� hl� g_dhlhjh]h� iZjZf_ljZ� θ . 
Iehlghklv�jZkij_^_e_gby�\_jhylghkl_c� �beb��djZldh��jZkij_^_e_gb_��y\�

ey_lky�lZd�gZau\Z_fhc�ijhba\h^ghc�JZ^hgZ–Gbdh^bfZ� ( )+p d X dX= �b�

\k_]^Z�iheh`bl_evgZ�>��@�� 
Hij_^_e_gb_����:gZeh]hf�\a\_r_ggh]h�kj_^g_]h���������dZ`^hc�g_�

ij_ju\ghc� kemqZcghc�\_ebqbgu� ( )T T X= � \� khklhygbb� p � y\ey_lky� \u�

jZ`_gb_ 

 ( ) ( )
1

+
+

G

G
G

TpdX

T Td
G pdX

= =
∫

∫
∫

E ,   (1.1.21) 

]^_ 

 0
G

pdX< < ∞∫ .  (1.1.22) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�^ey�\k_]h�ijhkljZgkl\Z�ba�

���������\ul_dZ_l�ke_^mxs__�\a\_r_ggh_�kj_^g__�ih�\_jhylghklghc�f_j_� 

 ( ) + � �T Td TpdX pdX= = =∫ ∫ ∫E .  (1.1.23) 

<_kh\hc� nmgdpb_c� kemqZcghc� \_ebqbgu� ( )T X � y\ey_lky� jZkij_^_e_gb_�

( )p X . 

�����<a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_ 
Ijh^he`bf�jZkkfhlj_gb_�hkgh\guo�hij_^_e_gbc� 
Hij_^_e_gb_� ��� DZ`^hc� kemqZcghc� \_ebqbg_� T � khhl\_lkl\m_l�

\a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_�>�����@ 

 ( )

( )2log
1

2

m

i i
i

mm

ii
ii i

T p

pp m
p

i
i

N T T

∑

∑∑  = =   
∏ .  (1.2.1) 
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Bkihevam_lky�lZd`_�\ujZ`_gb_� 

 ( )
( )2

2

log
log

m

i i
i

m

i
i

T p
N T

p

∑
=

∑
.  (1.2.2) 

<� ��������b� ��������\a\_r_ggh_�kj_^g__�hij_^_ey_lky�^ey�kemqZcghc�

\_ebqbgu� 2log iT �� >ey� ghjfbjh\Zggh]h� jZkij_^_e_gby� bf__f� kj_^g__�

]_hf_ljbq_kdh_�b�__�eh]Zjbnf 

 ( )
( )2log

2

m

i i
i

T p

N T
∑

= ,  (1.2.3) 

 ( ) ( )2 2log log
m

i i
i

N T T p= ∑ , 1
m

i
i

p =∑ .  (1.2.4) 

?keb� 1ip = ��lh�ba���������\ul_dZ_l�h[uqgh_�kj_^g__�]_hf_ljbq_kdh_ 

 ( )
m

m
i

i
N T T= ∏ .  (1.2.5) 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�\a\_r_ggh]h�kj_^g_]h�]_hf_ljbq_kdh]h� 

���H^ghjh^ghklv �b�\h]gmlhklv��<_ebqbgZ� ( )N T �y\ey_lky�h^ghjh^�

ghc�hlghkbl_evgh�aZf_gu�T �gZ�aT   

 ( ) ( )N aT aN T= , consta =   (1.2.6) 

b� \h]gmlhc�� lZd� dZd� hljbpZl_evgh_� agZq_gb_� kj_^g_]h� ]_hf_ljbq_kdh]h�

_klv�\uimdeZy�nmgdpby� 
?keb� 1T �b� 2T �^\_�iheh`bl_evgu_�nmgdpbb��lh�kijZ\_^eb\h�g_jZ\_gkl\h 

 ( ) ( ) ( )1 2 1 2N T N T N T T+ < + ,  (1.2.7) 

djhf_� kemqZ_\�� dh]^Z� 1 2bT cT= �� ]^_� b � b� c � g_� jZ\gu� gmex�� beb�

( )1 2 0N T T+ = . 

<�h[s_f�kemqZ_���������aZibr_lky�lZd 

 ( ) ( ) ( ) ( )1 2 1 2n nN T N T N T N T T T+ + + < + + +! ! .  (1.2.8) 
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��� Ghjfbjh\Zgghklv �� >ey� g_kemqZcghc� ihklhygghc� \_ebqbgu� K 
bf__f�jZ\_gkl\h�� 

 

( )2log

( ) 2

m

i
i

m

i
i

C p

p

N C C

∑

∑
= = ,  (1.2.9) 

ba� dhlhjh]h� \ul_dZ_l� k\hckl\h� ghjfbjh\Zgghklb� \a\_r_ggh]h� kj_^g_]h�

]_hf_ljbq_kdh]h�gZ�_^bgbpm 

 ( )1 1N = .  (1.2.10) 

���Kj_^g__�]_hf_ljbq_kdh_�b�\a\_r_ggh_�kj_^g__��>ey�\aZbfhk\y�

ab�kj_^gbo�]_hf_ljbq_kdbo�ijb\_^_f�khhlghr_gby 

 ( ) ( )1 1N T N T− = ,  (1.2.11) 

 
( )

( )
1 1 1

1 2 1 21 2

N T T T
N

T T T TN T T

   
= ≤      + ++    

E ,  (1.2.12) 

 ( ) ( ) ( ) ( )1 21 2
1 2 1 2

nn
n nN T T T N T N T N T

αα ααα α     =      ! ! .  (1.2.13) 

?keb�\a\_r_ggh_�kj_^g__�kemqZcghc�\_ebqbgu�T �dhg_qgh��lh�kijZ�

\_^eb\h�g_jZ\_gkl\h 

 

( ) ( )2 2log log

2 2

m m

i i i i i
i i

m m

i i i
i i

T p T T p
m

p T pi i
i
m

i
i

T p

p

∑ ∑

∑ ∑∑
< <

∑
,  (1.2.14) 

djhf_�lh]h�kemqZy��dh]^Z�T C= ��]^_�K –�ihklhyggZy� 

JZkkfhljbf�ljb�kemqZy�aZ\bkbfhklb�T �hl�jZkij_^_e_gbc� 
Ijb�T p= �\a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_�jZkij_^_e_gby�y\ey�

_lky�ke_^mxsbf�nmgdpbhgZehf 

 ( )

( )2log

2

m

i i
i

m

i
i

p p

p

N T

∑

∑
= ,  (1.2.15) 

^ey�dhlhjh]h�\uihegyxlky�k\hckl\Z������b���b�ke_^mxsb_�^hihegbl_ev�

gu_�k\hckl\Z� 
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��� FmevlbiebdZlb\ghklv �� <a\_r_ggh_� kj_^g__� ]_hf_ljbq_kdh_�

ijhba\_^_gby� ij i jp p p= � jZkij_^_e_gbc� g_aZ\bkbfuo� h[t_dlh\� jZ\gh�

ijhba\_^_gbx�bo�\a\_r_gguo�kj_^gbo�]_hf_ljbq_kdbo 

 ( ) ( ) ( )12 1 2N p N p N p= ,  (1.2.16) 

]^_ 

 ( )

( )2log

12 2

m n

ij ij
i j

m n

ij
i j

p p

p

N p

∑ ∑

∑ ∑
= ,  (1.2.17) 

 ( )

( )2log

1 2

m

i i
i

m

i
i

p p

p

N p

∑

∑
= , ( )

( )2log

2 2

n

j j
j

n

j
j

p p

p

N p

∑

∑
= .  (1.2.18) 

���<a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_�jZ\gh\_jhylgh]h �jZkij_�

^_e_gby��Ih^klZ\bf�jZ\gh\_jhylgh_�jZkij_^_e_gb_� 

 
1

ip
m

=   (1.2.19) 

\�hij_^_e_gb_���������b�ihemqbf�kj_^g__�]_hf_ljbq_kdh_ 

 ( ) 1
N p

m
= ,  (1.2.20) 

h[jZlgh�ijhihjpbhgZevgh_�qbkem�\hafh`guo�khklhygbc�h[t_dlZ� 
>Ze__�ijbf_f�T u= �b�T p u= �b�hij_^_ebf�kj_^gb_�]_hf_ljbq_kdb_ 

 ( )

( )2log

2

m

i i
i

m

i
i

u p

p

N u

∑

∑
= ,  (1.2.21) 

 

2log

2

m
i

i
i i

m

i
i

p
p

u

pp
N

u

 
   

∑

∑  =  
,  (1.2.22) 

dhlhju_�bf_xl�\k_�ijb\_^_ggu_�k\hckl\Z� 
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��� <aZbfhk\yav� \a\_r_gguo� kj_^gbo� ]_hf_ljbq_kdbo� jZkij_�

^_e_gbc��Bkihevam_f� jZ\_gkl\h� ��������� b� ihemqbf� ke_^mxs__� khhl�

ghr_gb_� 

 
( )
( )

N pp
N

u N u
  =  

.  (1.2.23) 

Ih^klZ\b\�\����������jZ\gh\_jhylgh_�jZkij_^_e_gb_�����������ihemqbf 

 ( )p
N mN p

u
  =  

.  (1.2.24) 

Ijb\_^_f� g_ij_ju\gu_� ZgZeh]b� \a\_r_gguo� kj_^gbo� ]_hf_ljbq_�

kdbo�jZkij_^_e_gbc� 

 ( )

( )2log

2

G

G

p pdX

pdX

N p

∫

∫
= ,    ( )

( )2log

2

G

G

u pdX

pdX

N u

∫

∫
= ,  (1.2.25) 

 

2
0

log

0

2

G

G

p
pdX

p

pdXp
N

p

 
   

∫

∫ 
=   

  (1.2.26) 

b�bo�eh]Zjbnfu 

 ( )
( )2

2

log
log G

G

p pdX
N p

pdX

∫
=

∫
,   ( )

( )2

2

log
log G

G

u pdX
N u

pdX

∫
=

∫
,  (1.2.27) 

 
2

2

log
log G

G

p
pdX

p u
N

u pdX

 
∫     =   ∫

.  (1.2.28) 

Ij_^hij_^_eyy�^Zevg_crb_�j_amevlZlu��hlf_lbf��qlh�nmgdpbhgZeu 

 ( ) ( )2logH p N p= − ,  (1.2.29) 

 ( ) ( )2: logH p u N u= − ,  (1.2.30) 

 ( ) 2: log
p

I p u N
u

 =   
  (1.2.31) 

_klv�Z^^blb\gu_�\ujZ`_gby�wgljhibb�R_gghgZ–<bg_jZ��f_ju�g_lhqgh�
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klb�D_jjb^`Z�b�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ�\�klZlbklbq_�
kdhc�l_hjbb�bgnhjfZpbb�� 

<a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_� ��������fh`gh�aZibkZlv�\�wd\b�

\Ze_glghf�\b^_�>��@ 

 ( )
( )ln

exp

m

i i
i

m

i
i

T p
N T

p

 ∑ 
=  

 ∑  

.  (1.2.32) 

Lh]^Z�nmgdpbhgZeu� ��������� b� ��������� k� gZlmjZevguf� eh]Zjbnfhf�

gZoh^yl�ijbf_g_gb_�\�klZlbklbq_kdhc�nbabd_�>������@� 

�����Ijbgpbi�fbgbfmfZ�kj_^g_]h�]_hf_ljbq_kdh]h� 
jZkij_^_e_gby� 

JZkkfhljbf�wdklj_fmf�kj_^g_]h�]_hf_ljbq_kdh]h�jZkij_^_e_gby 

 ( )
( )2log

2

m

i i
i

p p

N p
∑

=   (1.3.1) 

ijb�khojZg_gbb�ghjfbjh\db 

 1
m

i
i

p =∑ .  (1.3.2) 

Wlh� iha\hebl� gZclb� \_jhylgh_� jZkij_^_e_gb_�� ijb� dhlhjhf� ^hklb]Z_lky�

wdklj_fZevgh_�agZq_gb_�kj_^g_]h�]_hf_ljbq_kdh]h��Kh]eZkgh�\ZjbZpbhg�

ghfm�ijbgpbim��\uqbkebf�[_amkeh\guc�wdklj_fmf�nmgdpbhgZeZ 

 
( )2log

2

m

i i
i

p p m

i
i

L p
∑

= − α∑ ,  (1.3.3) 

]^_�α �_klv�fgh`bl_ev�EZ]jZg`Z� 
IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx 

 
( )2log

2

1
2 ln 2 log 0

ln 2

m

i i
i

p p m m

i i i
i i

L p p p
∑  δ = ⋅ δ + − α δ =  

∑ ∑ ,  (1.3.4) 

ihemqbf�jZ\_gkl\h 

 ( ) 2ln 2 log 1 0ip γ + − α =  , 
( )2log

2

m

i i
i

p p∑
γ = ,  (1.3.5) 
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ba� dhlhjh]h� k� mq_lhf� mkeh\by� ghjfbjh\db� \ul_dZ_l� jZ\gh\_jhyl 
gh_�jZkij_^_e_gb_ 

 
1

ip
m

= .  (1.3.6) 

Ih^klZ\bf���������\���������b�ihemqbf�wdklj_fZevgh_�agZq_gb_�kj_^�

g_]h�]_hf_ljbq_kdh]h 

 ( ) 1
N p

m
= .  (1.3.7) 

>Ze__� jZkkfhljbf� \ZjbZpbhgguc� ijbgpbi� wdklj_fmfZ� kj_^g_]h�

]_hf_ljbq_kdh]h� jZkij_^_e_gby� ijb� ^hihegbl_evguo� mkeh\byo� aZ^Zggh�

klb�kj_^g_]h�agZq_gby�kemqZcghc�wgljhibb� { }1, , mh h h= ! �b�ghjfbjh\db 

 ( )
m

i i
i

H p h p= ∑ ,   1
m

i
i

p =∑ .  (1.3.8) 

Hij_^_ebf�nmgdpbhgZe 

 
( )2log

2

m

i i
i

p p m m

i i i
i i

L h p p
∑

= + τ − α∑ ∑ ,  (1.3.9) 

]^_�α �b� τ �_klv�fgh`bl_eb�EZ]jZg`Z��Bkihevamy�jZ\_gkl\h 

 

( )2log

2

1
2 ln 2 log

ln 2

0,

m

i i
i

p p m

i i
i

m m

i i i
i i

L p p

h p p

∑  δ = ⋅ δ + +  

+τ δ − α δ =

∑

∑ ∑
  

(1.3.10)

 

ihemqbf 

 ( ) 2ln 2 log 1 0i ip h γ + + τ − α =  .   (1.3.11) 

Ihkdhevdm�α �b� τ �bf_xl�ijhba\hevgu_�agZq_gby��lh�ijbf_f� ln 2γ = α = τ . 

Lh]^Z�ba����������ke_^m_l�jZkij_^_e_gb_ 

 2 ih
ip −=   (1.3.12) 

b�agZq_gb_�kemqZcghc�wgljhibb 

 ( ) 2logi ih p p= − .  (1.3.13) 
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Mkj_^gyy�����������ihemqbf�nmgdpbhgZe� 

 ( ) ( ) ( )2log
m m

i i i i
i i

H p h p p p p= = −∑ ∑ ,  (1.3.14) 

ih^klZgh\dZ�dhlhjh]h�\���������^Z_l�wdklj_fZevgu_�\ujZ`_gby 

 ( ) ( ) ( ) ( )22 , logH pN p H p N p−= = − .  (1.3.15) 

GZdhg_p� gZoh^bf� wdklj_fmf� kj_^g_]h� ]_hf_ljbq_kdh]h� hl� \_eb�

qbgu� p u 

 
2log

2

m
i

i
i i

p
p

up
N

u

 
   

∑  =  
  (1.3.16) 

ijb�^hihegbl_evguo�mkeh\byo 

 ( ): , 1
m m

i i i
i i

I p u I p p= =∑ ∑ .  (1.3.17) 

Lh]^Z� aZ^ZqZ� k\h^blky� d�gZoh`^_gbx�[_amkeh\gh]h� wdklj_fmfZ� ke_^mx�

s_]h�nmgdpbhgZeZ 

 
2log

2

m
i

i
i i

p
p m mu

i i i
i i

L I p p

 
   

∑
= − τ − α∑ ∑   (1.3.18) 

k�fgh`bl_eyfb�EZ]jZg`Z�α �b� τ ��Ba�mkeh\by� 0Lδ = �ihemqbf 

 ( ) 2ln 2 log 1 0i
i

i

p
I

u

 
γ + − τ − α = 

  
  (1.3.19) 

b�ijb� ln 2γ = α = τ �hdhgqZl_evgh�bf__f�\ujZ`_gby 

 2 iI
i ip u= ,  (1.3.20) 

 ( ) 2: log i
i i i

i

p
I I p u

u
= = .  (1.3.21) 

Mkj_^g_gb_� kemqZcghc� bgnhjfZpbb� jZaebqby� ��������� ijb\h^bl� d�

nmgdpbhgZem 

 ( ) ( )0 0 2
0

: : log
m m

i
i i i

i i i

p
I p p I p p p p

p

 
= =    

∑ ∑ .  (1.3.22) 

>ey�kj_^g_]h�]_hf_ljbq_kdh]h�ihemqbf�wdklj_fZevgh_�agZq_gb_� 
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 ( )0:

0

2I p pp
N

p

 
=   

, ( ) 2: log
p

I p u N
u

 =   
.  (1.3.23) 

Ihemq_ggu_�wdklj_fmfu�^ey�kj_^gbo�]_hf_ljbq_kdbo�khhl\_lkl\m�

xl�fbgbfmfm�jZkkfZljb\Z_fuo�nmgdpbhgZeh\��ihkdhevdm�\uihegyxlky��

khhl\_lkl\_ggh��g_jZ\_gkl\Z�^ey�\lhjhc�\ZjbZpbb 

 ( ) ( ) ( ) ( )2
2 12 0

m
i

i i

p
L N p N p N p

p

− δ
δ = δ + ≥       ∑ ,  (1.3.24) 

 
( )22 1

2 0
m

i

i i

pp p p
L N N N

u u u p

− δ        δ = δ + ≥                
∑ .  (1.3.25) 

Ke_^h\Zl_evgh�� \� wdklj_fmf_� wgljhiby�R_gghgZ–<bg_jZ� ( )H p � b�

bgnhjfZpby� jZaebqby� Dmev[ZdZ–E_c[e_jZ� ( ):I p u � bf_xl� fZdkbfmf� b�

fbgbfmf�khhl\_lkl\_ggh� 

�����Lbi�Z^^blb\ghc�wgljhibb�� 
f_ju�g_lhqghklb�b�bgnhjfZpbb�jZaebqby 

JZkkfhljbf�kemqZcguc�h[t_dl��dhlhjuc�khklhbl�bo�^\mo�g_aZ\bkb�

fuo�h[t_dlh\��Bkihevam_f�k\hckl\h�fmevlbiebdZlb\ghklb�kj_^g_]h�]_h�

f_ljbq_kdh]h� 

 1 2N N N= ,  (1.4.1) 

^ey� ijhba\_^_gby� ij i jp p p= � jZkij_^_e_gbc� g_aZ\bkbfuo� h[t_dlh\�� ]^_�

( )12N N p= , ( )1 1N N p= � b� ( )2 2N N p= � hij_^_eyxlky� nhjfmeZfb�

���������b���������� 
>Ze__�iheh`bf��qlh�\uihegy_lky�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibc 

 1 2H H H= + ,  (1.4.2) 

dhlhju_�aZ\bkyl�hl�khhl\_lkl\mxsbo�kj_^gbo�]_hf_ljbq_kdbo 

 ( ) ( ) ( )1 1 1 2 2 2, ,H H N H H N H H N= = = .  (1.4.3) 

Lh]^Z��^bnn_j_gpbjmy���������b�mqblu\Zy�jZ\_gkl\Z 

 1 1 2 2

1 1 2 2

,
dN dH dN dHdN dN dN dN

dH dN dH dH dH dN dH dH
= =   (1.4.4) 

ihemqbf�mjZ\g_gb_� 
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 1 2

1 2

ln lnln d N d Nd N

dH dH dH
= = = −λ ,  (1.4.5) 

]^_�λ  –�ijhba\hevgZy�ihklhyggZy� 
J_r_gb_f� mjZ\g_gby� �������� y\ey_lky�nbabq_kdZy� [_ajZaf_jgZy� wg�

ljhiby�k�lhqghklvx�^h�dhwnnbpb_glZ� 1−λ  

 ( ) ( )1 lnphysH p N p−= −λ .  (1.4.6) 

Bkihevam_f�k\hckl\h�ghjfbjh\Zgghklb�wgljhibb�gZ�_^bgbpm�\�l_h�

jbb�bgnhjfZpbb��b�ihemqbf�agZq_gb_� ln 2λ = ��Wgljhiby���������ijbgbfZ�

_l�^ey�\k_o�h[t_dlh\�h^bgZdh\uc�\b^ 

 ( ) ( )
( )2

2

log
log

m

i i
i

m

i
i

p p
H p N p

p
= − = −

∑

∑
.  (1.4.7) 

>Ze__�hij_^_ebf�ke_^mxsb_�]_hf_ljbq_kdb_�kj_^gb_� 

 ( )12N N u= ,  ( )1 1N N u= ,  ( )2 2N N u= ,  (1.4.8) 

 12 1 2
1 2

12 1 2

, ,
p p p

N N N N N N
u u u

     
= = =               

,  (1.4.9) 

]^_� 12 1 2p p p= , 12 1 2u u u= ��:gZeh]bqgh� bkihevam_f� k\hckl\Z�fmevlbieb�

dZlb\ghklb� 1 2N N N= �^ey�g_aZ\bkbfuo�h[t_dlh\�b�Z^^blb\ghklb�^ey�f_j�

g_lhqghklb�b�bgnhjfZpbc�jZaebqby 

 1 2H H H= + ,  (1.4.10) 

 1 2I I I= + .  (1.4.11) 

<�blh]_�ihemqbf�mjZ\g_gby 

 1 2

1 2

ln lnln d N d Nd N

dH dH dH
= = = −λ ,  (1.4.12) 

 1 2

1 2

ln lnln d N d Nd N

dI dI dI
= = = λ ,  (1.4.13) 

j_r_gbyfb�dhlhjuo�ijb� ln 2λ = �y\eyxlky�f_jZ�g_lhqghklb�b�bgnhjfZ�

pby�jZaebqby� 
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 ( ) ( )
( )2

2

log
: log

m

i i
i

m

i
i

u p
H p u N u

p
= − = −

∑

∑
,  (1.4.14) 

 ( )
2

2

log

: log

m
i

i
i i

m

i
i

p
p

up
I p u N

u p

 
     = =  

∑

∑
.  (1.4.15) 

LZdbf�h[jZahf��bkihevamy�k\hckl\Z�fmevlbiebdZlb\ghklb��Z^^blb\�

ghklb�b�ghjfbjh\Zgghklb�^hdZaZeb��qlh�kms_kl\m_l�lhevdh�h^bg�lbi�wg�

ljhibb��f_ju�g_lhqghklb�b�bgnhjfZpbb�jZaebqby�� 

�����Wgljhiby�R_gghgZ–<bg_jZ�� 
BgnhjfZpby�b�f_jZ�OZjleb 

D� klZlbklbq_kdbf� k\hckl\Zf� kemqZcgh]h� h[t_dlZ� hlghkblky� f_jZ�

bgnhjfZpbb� dZd�f_jZ� klZlbklbq_kdhc�g_hij_^_e_gghklb� �beb� kemqZcgh�

klb��\�khklhygbyo��\ujZ`Z_fZy�g_dhlhjuf�nmgdpbhgZehf�hl�jZkij_^_e_�

gby��>ey� Z^^blb\guo� h[t_dlh\� lZdbf�nmgdpbhgZehf� y\ey_lky� wgljhiby�

R_gghgZ–<bg_jZ�>�����@ 

 ( )
( )2log

m

i i
i

m

i
i

p p
H p

p
= −

∑

∑
.  (1.5.1) 

Ijb�\uiheg_gbb�mkeh\by�\_jhylghklghc�ghjfbjh\db 

 1
m

i
i

p =∑   (1.5.2) 

\a\_r_ggh_�kj_^g__���������kemqZcghc�wgljhibb 

 ( ) 2logi ih p p= −   (1.5.3) 

ijbgbfZ_l�ke_^mxsbc�\b^� 

 ( ) ( )2log
m

i i
i

H p p p= −∑ .  (1.5.4) 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�wgljhibb�R_gghgZ–<bg_jZ� 
��� Iheh`bl_evghklv � b� \uimdehklv�� Wgljhiby� _klv� \_s_kl\_g�

guc�� g_hljbpZl_evguc� b� \uimdeuc� nmgdpbhgZe�� lh� _klv� kijZ\_^eb\u�
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g_jZ\_gkl\Z 

 ( ) 0H p ≥ ,  (1.5.5) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2H a p a p a H p a H p+ ≤ + .  (1.5.6) 

A^_kv� 1 2 1a a+ = , 1 0a > , 2 0a > �b�wgljhibb 

 ( ) ( )1 2 1 1log
m

i i
i

H p p p= −∑ ,  ( ) ( )2 2 2 2log
m

i i
i

H p p p= −∑   (1.5.7) 

k�ghjfbjh\Zggufb�jZkij_^_e_gbyfb 

 1 2 1
m m

i i
i i

p p= =∑ ∑ .  (1.5.8) 

��� :^^blb\ghklv� ^ey� g_aZ\bkbfuo� h[t_dlh\�� Imklv� khklhygb_�

kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�

ij_^_e_gb_f� ij i jp p p= ��Z� ip �b� jp �hlghkylky�d�jZaguf�g_aZ\bkbfuf�h[t�

_dlZf��H[sZy�wgljhiby�aZibr_lky�dZd 

 ( ) ( )12 2log
m n

ij ij
i j

H p p p= −∑∑ ,    (1.5.9) 

]^_�mkeh\by�ghjfbjh\db 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (1.5.10) 

Lh]^Z�ba� ��������\ul_dZ_l�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibc�g_aZ\bkb�

fuo�h[t_dlh\ 

 
( ) ( ) ( )

( ) ( ) ( ) ( )
12 1 2

1 2 2 2

,

log , log .
m n

i i j j
i j

H p H p H p

H p p p H p p p

= +

= − = −∑ ∑
  (1.5.11) 

���:^^blb\ghklv�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\b�

kbfuo�h[t_dlh\�^ey�ghjfbjh\Zgguo�jZkij_^_e_gbc�bf__f�khhlghr_gby 

        ij i jj i i j
p p p p p= = ���l_hj_fZ�mfgh`_gby��  (1.5.12) 

       ,
n m

i ij j ij
j i

p p p p= =∑ ∑  ��l_hj_fZ�keh`_gby��  (1.5.13) 
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 ,
n m

i j j ii j j i
j i

p p p p p p= =∑ ∑ ���l_hj_fZ�jZaeh`_gby��  (1.5.14) 

Eh]Zjbnfbjmy� ijhba\_^_gb_� jZkij_^_e_gbc� ���������� ihemqbf� Z^^blb\�

ghklv�kemqZcguo�wgljhibc 

 ( ) ( ) ( )ij i j i
h p h p h p= + .  (1.5.15) 

A^_kv� ( ) 2log
j i j i

h p p= −  –� kemqZcgZy� mkeh\gZy� wgljhiby� k� mkeh\guf�

jZkij_^_e_gb_f�
j i

p ��Mqblu\Zy�mkeh\by�ghjfbjh\db 

 1
m n m

ij i
i j i

p p= =∑∑ ∑ ,  (1.5.16) 

ihemqbf�k\hckl\h�Z^^blb\ghklb�^ey� wgljhibc�klZlbklbq_kdb� aZ\bkbfuo�

h[t_dlh\ 

 ( ) ( ) ( )12 1 2 1H p H p H p p= + ,  (1.5.17) 

]^_�mkeh\gZy�wgljhiby�h[t_dlZ�k�jZkij_^_e_gb_f�
21

p  

 ( ) ( )22 1
log

n

i j i j i
j

H p p p= −∑   (1.5.18) 

b�__�kj_^g__�agZq_gb_� 

 ( ) ( )2 1 2 1

m

i i
i

H p p p H p= ∑   (1.5.19) 

\uqbkeyxlky�ijb�mkeh\bb�j_ZebaZpbb�khklhygby�k�jZkij_^_e_gb_f� 1p . 

?keb�j_Zebam_lky�khklhygb_�k�jZkij_^_e_gb_f� 2p ��lh� ij j i j
p p p= �b�

lh]^Z�ihemqZ_f�wgljhibb 

 ( ) ( ) ( )12 2 1 2H p H p H p p= + ,  (1.5.20) 

 ( ) ( )21 2
log

m

j i j i j
i

H p p p= −∑ ,  (1.5.21) 

 ( ) ( )1 2 1 2

n

j j
j

H p p p H p= ∑ .  (1.5.22) 

K�mq_lhf����������b����������bf__f�jZ\_gkl\h� 
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 ( ) ( ) ( ) ( )1 2 1 2 1 2H p H p p H p H p p+ = + .  (1.5.23) 

<� qZklghf� kemqZ_� g_aZ\bkbfhklb� h[t_dlh\� khhlghr_gby� ��������� b�

���������i_j_oh^yl�\���������� 
>ey�lj_o�aZ\bkbfuo�h[t_dlh\�bf__f�ke_^mxsb_�jZkij_^_e_gby 

 , ,

r

ijkn r r
k

i ijk ij ijk m ri j
j k k

ijk
i k

p
p p p p p

p
= = =

∑
∑∑ ∑

∑∑
,  (1.5.24) 

 
, ,

,ijk ijk
m n mi j k i j k

ijk ijk
i j i

p p
p p

p p
= =

∑∑ ∑
,  (1.5.25) 

^ey�dhlhjuo�kijZ\_^eb\u�nhjfmeu 

 
, , ,ijk k ij ii j k k i j j i k i j

p p p p p p p p= = = ,  (1.5.26) 

 
,

,
r

ij i j i i j i k j
k

p p p p p= = ∑ ,  (1.5.27) 

 
,

, ,

i i j i j k

mi j k j k i j k

j i j
i

p p p
p p p

p p
= =

∑
.  (1.5.28) 

<\h^bf�khhl\_lkl\mxsb_�wgljhibb 

 ( ) ( )123 2log
m n r

ijk ijk
i j k

H p p p= −∑∑∑ ,  (1.5.29) 

 ( ) ( )12 2log
m n r

ij ijk
i j k

H p p p= −∑∑∑ ,  (1.5.30) 

 ( ) ( )1 2log
m n r

i ijk
i j k

H p p p= −∑∑∑ ,  (1.5.31) 

 ( ) ( )1 2 2log
m n r

ijki j
i j k

H p p p p= −∑∑∑ ,  (1.5.32) 
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 ( ) ( )1 2 3 2 ,
, log

m n r

ijki j k
i j k

H p p p p p= −∑∑∑ ,  (1.5.33) 

 ( ) ( )1 2 3 2 ,
, log

m n r

ijki j k
i j k

H p p p p p= −∑∑∑   (1.5.34) 

b�\�blh]_�^ey�gbo�bf__f�k\hckl\h�Z^^blb\ghklb�\�\b^_ 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
123 1 2 3 1 12

3 1 2 1 2 1 3 1 2

,

, , .

H p H p H p p p H p

H p p p H p H p p H p p p

= + = +

+ = + +
 

 (1.5.35) 

���NemdlmZpby��Bkihevam_f�\ujZ`_gb_�nemdlmZpbb�fbdjhkdhibq_�

kdhc�wgljhibb 

 ( ) ( ) ( )i ih p h p H p∆ = −   (1.5.36) 

b�aZibr_f�jZkij_^_e_gb_�\�\b^_ 

 ( ) ( )2 iH p h p
ip  − −∆ = .  (1.5.37) 

Ba�mkeh\by�ghjfbjh\db�ihemqbf�nhjfmeu 

 
( )

( )
2

2

i

i

h p

i m h p

i

p
−∆

−∆
=

∑
,  (1.5.38) 

 ( ) ( )
2log 2 i

m h p

i
H p −∆= ∑ ,  (1.5.39) 

iha\heyxsb_�gZoh^blv�jZkij_^_e_gb_�b�wgljhibx�k�bkihevah\Zgb_f�agZ�

q_gby�nemdlmZpbb� ( )ih p∆ . 

���Wgljhiby�jZ\gh\_jhylgh]h �khklhygby��Imklv�\�kemqZcghf�h[t�

_dl_�hlkmlkl\mxl�nemdlmZpbb�fbdjhkdhibq_kdhc�wgljhibb�b� ( ) 0ih p∆ = . 

Ba� ���������b� ���������\ul_dZ_l�jZ\gh\_jhylgh_�jZkij_^_e_gb_�b�khhl\_l�

kl\mxsZy�wgljhiby 

 
1

ip
m

= ,  (1.5.40) 

 ( ) 2logH p m= .  (1.5.41) 

6.�G_jZ\_gkl\Z�� Wgljhiby�R_gghgZ–<bg_jZ� lZd`_� m^h\e_l\hjy_l�
hkgh\guf�g_jZ\_gkl\Zf� 
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( ) ( ) ( )12 1 2H p H p H p≤ + ,                           (1.5.42) 

( ) ( ) ( ) ( )2 1 2 1 2 1,H p H p p H p H p p≥ ≥ ,            (1.5.43) 

( ) 2logH p m≤ ,                                   (1.5.44) 

( ) ( )1 2 3 1 3,H p p p H p p≤ ,                           (1.5.45) 

 ( ) ( )1 2 3 1 2, ,H p p p H p p≤ ,                           (1.5.46) 

 ( ) ( ) ( )1 3 1 2 2 3H p p H p p H p p≤ + ,                    (1.5.47) 

 
( )
( )

( )
( )

( )
( )

1 3 2 31 2

1 21 3 2 3,, ,

H p p H p pH p p

H p pH p p H p p
≤ + ,                  (1.5.48) 

dhlhju_�\ul_dZxl�ba�k\hckl\Z�\uimdehklb�bgnhjfZpbb�jZaebqby� 
���Wgljhibcgh_�jZkklhygb_��=_hf_ljbq_kdZy�bgl_jij_lZpby�wgljh�

ibb�\�\b^_� ( ) ( ) ( )1 2 1 2 2 1,p p H p p H p pδ = + �khhl\_lkl\m_l�jZkklhygbx�hl�

1p �^h� 2p ��<uihegy_lky�g_jZ\_gkl\h�lj_m]hevgbdZ 

 ( ) ( ) ( )1 3 1 2 2 3, , ,p p p p p pδ ≤ δ + δ ,  (1.5.49) 

]^_� ( )1 2, 0p pδ ≥ , ( )1 1, 0p pδ = � b� ( ) ( )1 2 2 1, ,p p p pδ = δ �� JZkkfZljb\Z_lky�

lZd`_�\ujZ`_gb_� 

 ( ) ( )
( )

( )
( )

1 2 12 1 2
1 2

12 12

, :
, 1

p p I p p p
p p

H p H p

δ
′δ = = − ,  (1.5.50) 

dhlhjh_�jZ\gy_lky�gmex�ijb� ( )12 0H p = ��Ih^jh[gh�h�klZlbklbq_kdbo�jZk�

klhygbyo�fh`gh�hagZdhfblvky�\�fhgh]jZnbyo�>�����������@� 
��� Ghjfbjh\Zgghklv � b� jZaf_jghklv�� <� j_amevlZl_� wdki_jbf_glZ�

f_jZ� g_hij_^_e_gghklb� khklhygbc� klZgh\blky� ba\_klghc� b� y\ey_lky� bg�

nhjfZpb_c�h[t_dlZ�h�kZfhf�h[t_dl_��AZ�_^bgbpm�baf_j_gby�bgnhjfZpbb�

ijbgbfZ_lky�g_hij_^_e_gghklv��ijb�dhlhjhc�\uihegy_lky�k\hckl\h�ghj�

fbjh\Zgghklb�wgljhibb 

 ( ) ( )2log 1
m

i i
i

H p p p= − =∑ .  (1.5.51) 

<u[bjZy� � �gZbf_gvr__� �qbkeh� �\hafh`guo� �khklhygbc� � 2m= �� �ihem�

qbf�ba� ��������� agZq_gby� 1 2 1 2p p= = ��LZdbf�h[jZahf��gZbf_gvrZy�_^b�
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gbpZ�baf_j_gby�bgnhjfZpbb� _klv�^\hbqgZy� _^bgbpZ� wgljhibb� kbkl_fu��

dhlhjZy�bf__l�gZa\Zgb_�h^bg�[bl��hl�binary digit)  

 ( )
2

2

1 1
, log 1

2 2 i i
i

H p p  = − =  
∑ .  (1.5.52) 

<� kemqZ_�^_kylbqgh]h�b�gZlmjZevgh]h� eh]ZjbnfZ� \� �������� _^bgbpZ�

baf_j_gby�bgnhjfZpbb�gZau\Z_lky�^blhf�beb�gZlhf��hl�natural digit���kh�
hl\_lkl\_ggh�� >ey� i_j_oh^Z� f_`^m� wlbfb� _^bgbpZfb� baf_j_gby� bf__f�

jZ\_gkl\h��^bl� ( )1 lg 2 [bl�b��gZl� ( )1 ln 2  [bl��>ey�nbabq_kdhc�l_hjbb�

bgnhjfZpbb�bf__f�wgljhibx 

 ( ) ( )ln
m

phys
i i

i
H p p p= −∑ .  (1.5.53) 

<� klZlbklbq_kdhc�nbabd_� bkihevam_lky� _^bgbpZ� baf_j_gbc�� bf_x�

sZy�jZaf_jghklv�ihklhygghc�;hevpfZgZ��Lh]^Z�ihemqbf�jZaf_jgmx�nb�

abq_kdmx�wgljhibx�;hevpfZgZ–=b[[kZ� ( ) ( )physH p kH p=  [1, 6]. 

Wgljhiby�R_gghgZ–<bg_jZ� _klv� hlghr_gb_� nbabq_kdhc� wgljhibb� 
d�__�agZq_gbx�ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= ��lh�_klv�\uihegy�

_lky�jZ\_gkl\h 

 ( ) ( ) 1 1
, , ln 2

1 1 2 2,
2 2

phys
phys

phys

H p
H p H

H

 = =    
  

.  (1.5.54) 

JZkkfhljbf�kemqZc��dh]^Z�khklhygby�Z^^blb\gh]h�h[t_dlZ�y\eyxlky�

jZ\gh\_jhylgufb� b� klZlbklbq_kdb� g_aZ\bkbfufb� ijb� n � gZ[ex^_gbyo��
Lh]^Z�kijZ\_^eb\u�ke_^mxsb_�\ujZ`_gby 

 , 1
n m m

i ik i ik
i ik

p p p p= = =∑ ∑∏ ,  (1.5.55) 

]^_� 1, ,k n= ! �b�jZkij_^_e_gb_� 

 
1

ikp
m

= .  (1.5.56) 

<�blh]_�ba���������ihemqbf�f_jm�bgnhjfZpbb�OZjleb�>��@� 

 ( ) ( )2 2log log
m

i i
i

H p p p n m= − =∑ .  (1.5.57) 
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Ba� ���������ke_^m_l��qlh�bgnhjfZpby�_klv�eh]Zjbnfbq_kdZy�f_jZ�hl�

qbkeZ�jZ\gh\_jhylguo�khklhygbc�kemqZcgh]h�h[t_dlZ��ijhihjpbhgZevgZy�

qbkem�gZ[ex^_gbc�n ��b�khklZ\ey_l� 2log m�[bl� 

9.  f -wgljhiby��NmgdpbhgZevgu_�h[h[s_gby�wgljhibb�hij_^_eyxl�

ky�\ujZ`_gbyfb� 

 ( ) ( )
m

f i i
i

H p f p p= ∑ ,  (1.5.58) 

 ( ) ( )
m

f i
i

H p f p= ∑ ,  (1.5.59) 

 ( ) ( )fH p f N p=    ,  (1.5.60) 

]^_� f �_klv�\uimdeZy�nmgdpby�� 

Ijb� 2log if p= − , ( )2log i if p p= − � b� ( )2logf N p= − � ba� ����������

���������b����������ke_^m_l�ljZ^bpbhggZy�f_jZ�bgnhjfZpbb�R_gghgZ–<bg_jZ�� 
NmgdpbhgZe� ���������y\ey_lky�kj_^gbf�agZq_gb_f�kemqZcghc�wgljh�

ibb��\ujZ`_gb_� ��������� k�bgnhjfZpbhgghc�nmgdpb_c� ( )f p �jZkkfZljb�

\Zehkv� \� jZ[hlZo� >���� ��@�� Z� ��������� _klv� nmgdpby� hl� ]_hf_ljbq_kdh]h�

kj_^g_]h�jZkij_^_e_gby� 

�����:dkbhfu�ObgqbgZ��:dkbhfu�NZ^^__\Z 
b�f_lh^�bgnhjfZpbhgghc�nmgdpbb�>Zjhrb 

?^bgkl\_gghklv� nmgdpbhgZeZ� R_gghgZ–<bg_jZ�� kh\f_klbfh]h� k�
ijb\_^_ggufb�k\hckl\Zfb��^hdZaZe�\i_j\u_�ZdkbhfZlbq_kdbf�ih^oh^hf�

:�Y��Obgqbg�>������@��;ueb�knhjfmebjh\Zgu�^ey�^bkdj_lgh]h�kemqZy�jZk�

ij_^_e_gby� { }1, , mp p p= ! �hkgh\hiheZ]Zxsb_�Zdkbhfu� 

1. ( )1 2, , , mH p p p! �g_ij_ju\gZ�hlghkbl_evgh� 1 2, , , mp p p! �\�h[eZk�

lb�0 1ip≤ ≤ �b� 1
m

i
i

p =∑ . 

2. ( )1 2, , , mH p p p! �kbff_ljbqgZ�hlghkbl_evgh� 1 2, , , mp p p! . 

3. ( ) ( )1 2 1 2, , , ,0 , , ,m mH p p p H p p p=! ! . Wlh� hagZqZ_l�� qlh� ^h[Z\�

e_gb_�d��fgh`_kl\m��khklhygbc��g_\hafh`gh]h��khklhygby��g_��baf_gy�

_l�g_hij_^_e_gghklv� 
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4. ( )11 1 21 2 1, , ; , , ; ; , ,n n m mnH p p p p p p =! ! ! !  

 ( ) 1
1 2, , , , ,

m
i in

m i i
i i i

p p
H p p p p H

p p

 
= +    

∑! ! ,  (1.6.1) 

]^_� ijp  –�ghjfbjh\Zggh_�kh\f_klgh_�jZkij_^_e_gb_�klZlbklbq_kdb� aZ\b�

kbfuo�h[t_dlh\�k� 

 ( )1, 0
m n n

ij i ij ij
i j j

p p p p= = ≥∑∑ ∑ .  (1.6.2) 

5. ( )1 2

1 1 1
, , , , , ,mH p p p H

m m m
 ≤   

! ! ��Wlh� hagZqZ_l�� qlh�nmgdpbh�

gZe�bf__l�gZb[hevr__�agZq_gb_�ijb� 1 2 1mp p p m= = = =! . 

Hij_^_eyy� wgljhibx�ZdkbhfZfb�ObgqbgZ�k� lhqghklvx�^h�ihklh�

yggh]h� iheh`bl_evgh]h� fgh`bl_ey� 1−λ �� ihemqbf� eh]Zjbnfbq_kdmx 
f_jm�>������@ 

 ( ) ( )1
1 2, , , log

m

m a i i
i

H p p p p p−= −λ ∑! .  (1.6.3) 

Ijb� gZlmjZevghf� eh]Zjbnf_� b� 1λ = � bf__f� nbabq_kdmx� [_ajZaf_jgmx�

wgljhibx� ( ) ( )ln
m

phys
i i

i
H p p p= −∑ .  

���Mkeh\b_�ghjfbjh\Zgghklb��<u[bjZy�^\hbqgmx�_^bgbpm�wgljhibb�

k� 2a = �b�mqblu\Zy�mkeh\b_�ghjfbjh\Zgghklb 

 
1 1

, 1
2 2

H   =  
,  (1.6.4) 

hdhgqZl_evgh�ihemqbf�nmgdpbhgZe�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑ .  (1.6.5) 

>�D��NZ^^__\� >��@�mijhklbe�kbkl_fm�Zdkbhf�ObgqbgZ�b�ij_^eh`be�

ke_^mxsb_�Zdkbhfu� 

1. ( ) ( )1 2, 1 ,H p p H p p= − �g_ij_ju\gZ�ijb�0 1p≤ ≤ �b�iheh`bl_evgZ�

ohly�[u�\�h^ghc�lhqd_� 

2. ( )1 2, , , mH p p p! �kbff_ljbqgZ�hlghkbl_evgh� 1 2, , , mp p p! . 

���Ijb� 2m≥   
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( ) ( )

( )
1 1 1 1 1 1

1
1 1

1 1

, , , , , , ,

, , 0.

m m m m m m

m m
m m m m

m m m m

H p p p p H p p p p

p p
p p H p p

p p p p

− + − +

+
+ +

+ +

= + +

 
+ + + >  + + 

! !

    
(1.6.6)

 

:dkbhfZfb�NZ^^__\Z�wgljhiby�ijb� 2m= �hij_^_ey_lky�h^ghagZqgh�

k�lhqghklvx�^h�dhwnnbpb_glZ� 1−λ �b�bf__l�\b^ 

 ( ) ( ) ( )1, 1 log 1 log 1a aH p p p p p p−  − = −λ + − −  .    (1.6.7) 

Mqblu\Zy� jZaf_jghklv�b� mkeh\b_�ghjfbjh\Zgghklb� ����������bf__f�
12, 1a −= λ = ��Z���������aZibr_lky�lZd� 

 ( ) ( ) ( )2 2, 1 log 1 log 1H p p p p p p − = − + − −  .    (1.6.8) 

I_j_oh^�d�h[s_fm�kemqZx�k� 2m> �hkms_kl\ey_lky�f_lh^hf�fZl_fZ�

lbq_kdhc�bg^mdpbb�gZ�hkgh\Zgbb�Zdkbhfu���� 
<�jZ[hl_�>��@�hlf_qZ_lky��qlh�jZagbpZ�\�wlbo�^\mo�kbkl_fZo�Zdkbhf�

aZdexqZ_lky� \� ke_^mxs_f�� <h-i_j\uo�� ZdkbhfZ� �� �wdklj_fZevghklv�� \�
kbkl_f_�ObgqbgZ� aZf_gy_lky� lj_[h\Zgb_f� iheh`bl_evghklb� wgljhibb� \�

h^ghc�lhqd_�b��\h-\lhjuo��Zdkbhfu� ��b� �� aZf_gyxlky�h^ghc�Zdkbhfhc� ��
kbkl_fu�NZ^^__\Z�� hq_gv� _kl_kl\_gghc�� _keb� jZkkfhlj_lv� wgljhibx� dZd�

f_jm�g_hij_^_e_gghklb�khklhygbc�kemqZcgh]h�h[t_dlZ� 
>Ze__�A��>Zjhrb�>����������@�ij_^klZ\be�Zdkbhfm���kbkl_fu�NZ^^__�

\Z�\�h[s_f�\b^_�k�]jmiih\uf�mkj_^g_gb_f 

 ( ) ( )1 1 2
2 1 2

, ,
m

k
m k

k k

p
H p p p p p f

p p p=

 
= + + +   + + + 

∑! !

!

.  (1.6.9) 

A^_kv�lZd�gZau\Z_fZy�bgnhjfZpbhggZy�nmgdpby� ( )f x �ijb� 2m= �m^h\e_�

l\hjy_l�]jZgbqguf�mkeh\byf 

 ( ) ( ) 1
0 1 , 1

2
f f f  = =  

  (1.6.10) 

b�nmgdpbhgZevghfm�mjZ\g_gbx 

 ( ) ( ) ( ) ( )1 1
1 1

y x
f x x f f y y f

x y

  + − = + −   − −   
  (1.6.11) 

^ey�\k_o� ( ),x y D∈ ��]^_ 

 ( ){ }, : 0 1, 0 1, 1D x y x y x y= ≤ < ≤ < + ≤ .  (1.6.12) 

J_r_gb_f� mjZ\g_gby� ��������� y\ey_lky� bgnhjfZpbhggZy� nmgdpby�
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>Zjhrb��jZ\gZy�wgljhibb�R_gghgZ–<bg_jZ 

 ( ) ( ) ( ) ( )2 2, 1 log 1 log 1H p p f p p p p p− = = − − − − .  (1.6.13) 

LZdhc� ih^oh^� k� bgnhjfZpbhgghc�nmgdpb_c�ijb� 2m= �� aZ\bkys_c�

hl�^\mo�i_j_f_gguo��iha\hey_l�ihemqblv�bgnhjfZpbx�jZaebqby�Dmev[Z�

dZ–E_c[e_jZ 

 ( ) ( ) ( )2 2

1
1 , :1 , , log 1 log

1

p p
I p p u u f p u p p

u u

−− − = = + −
−

,  (1.6.14) 

dhlhjZy�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb�
1 1

1,0 : , 1
2 2

I   =  
. 

Ih^jh[gu_� fZl_fZlbq_kdb_� \udeZ^db� f_lh^Z� bgnhjfZpbhgghc�

nmgdpbb�ijb\h^ylky�\�fhgh]jZnbb�>��@� 

�����Hij_^_e_gb_�bgnhjfZpbb�\�dZgZeZo�k\yab� 
NhjfmeZ�R_gghgZ 

JZkkfhljbf� hij_^_e_gb_� bgnhjfZpbb� dZd� dhebq_kl\h� kgylhc� f_ju�

g_hij_^_e_gghklb�h�khklhygbyo�kemqZcgh]h�kb]gZeZ�\�dZgZeZo�k\yab��Imklv�

i_j_^Zgguc�kb]gZe�oZjZdl_jbam_lky�jZkij_^_e_gb_f� ( )1, ,ip i m= ! ��Dheb�

q_kl\h�bgnhjfZpbb� hij_^_ey_lky� Zijbhjghc� wgljhib_c� kemqZcgh]h� kb]�

gZeZ�>��@ 

 ( ) ( )1 2log , 1
m m

i i i
i i

H p p p p= − =∑ ∑ .    (1.7.1) 

?keb�ihemq_gguc�kb]gZe�g_�jZ\_g�i_j_^Zgghfm��lh�hklZ_lky�f_jZ�

g_hij_^_e_gghklb� ihke_� ijb_fZ� kb]gZeZ�� oZjZdl_jbam_fZy� mkeh\guf�

jZkij_^_e_gb_f� ( )1, ,
i j

p j n= ! ��Khhl\_lkl\mxsZy� mkeh\gZy� wgljhiby�

jZ\gy_lky 

 ( ) ( )21 2
log , 1

m m

j i j i j i j
i i

H p p p p= − =∑ ∑ ,    (1.7.2) 

Z�__�kj_^g__�agZq_gb_�>��@ 

 ( ) ( ) ( )1 21 22
log

n m n

j j ji j i j
j i j

H p p p H p p p p= − = −∑ ∑∑     (1.7.3) 

\uqbkey_lky� ih� jZkij_^_e_gbx� ijbgbfZ_fh]h� kb]gZeZ� jp �� <ujZ`_gb_�

��������_klv�Zihkl_jbhjgZy�wgljhiby�kemqZcgh]h�kb]gZeZ� 
LZdbf� h[jZahf�� bgnhjfZpby�� ihemq_ggZy� ihke_� ijb_fZ� kb]gZeZ��

jZ\gy_lky�ke_^mxs_c�jZaghklb�>��@� 
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 ( ) ( ) ( ) ( )1 1 2 22
log log

m m n

i i ji j i j
i i j

I H p H p p p p p p p= − = − +∑ ∑∑   (1.7.4) 

f_`^m� Zijbhjghc� b� Zihkl_jbhjghc� wgljhibyfb� b� hljZ`Z_l� dhebq_kl\h�

kgylhc�g_hij_^_e_gghklb�h�kemqZcghf�kb]gZe_� 
I_j_ibr_f���������\�ke_^mxs_f�\b^_ 

 

( ) ( ) ( )12 1 2 2 2

2 2

: log log

log log ,

m m n

i i iji j
i i j

m n m ni j ij
ij ij

i j i ji i j

I p p p p p p p

p p
p p

p p p

= − + =

  
  = =      

∑ ∑∑

∑∑ ∑∑
  

(1.7.5)
 

]^_� ij j i j
p p p= �_klv�kh\f_klgh_�jZkij_^_e_gb_�i_j_^Zggh]h�b�ihemq_ggh�

]h�kb]gZeh\��LZd�dZd�kijZ\_^eb\h�jZ\_gkl\h� ij i j i
p p p= ��lh�^ey�ihemq_g�

ghc�bgnhjfZpbb�bf__f�lZd`_�\ujZ`_gb_ 

 

( ) ( ) ( )
( ) ( )

12 1 2 2 2 1

2 2

2 2

:

log log

log log .

n m n

j j ij i j i
j i j

m n m nj i ij
ij ij

i j i jj i j

I p p p H p H p p

p p p p p

p p
p p

p p p

= − =

= − + =

   
   = =      

∑ ∑∑

∑∑ ∑∑

  

(1.7.6)

 

<�dZq_kl\_�ijbf_jZ�ba�l_hjbb�k\yab�jZkkfhljbf�g_ij_ju\guc�dZgZe�

k�rmfhf��Bklhqgbd�ihkueZ_l�\�dZgZe�kb]gZeu�k�ihehkhc�qZklhl�∆ν �aZ�\j_�
fy� t ��Imklv� x �_klv�i_j_^Zggh_�kb]gZevgh_�gZijy`_gb_��Z� x x y′ = + �hij_�

^_ey_l�ihemq_gguc�kb]gZe�ijb�gZebqbb�rmfh\h]h�gZijy`_gby� y ��<_ebqb�

gu� x �b� y �y\eyxlky�g_aZ\bkbfufb��H]jZgbqbfky�]Zmkkh\ufb�kb]gZeZfb�b�

rmfhf��Lh]^Z�aZibr_f�g_ij_ju\guc�ZgZeh]�bgnhjfZpbb���������\�gZlZo 

 

( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )

ln ln

,
, ln .

I p x p x dx p x p x x p x x dx dx

p x x
p x x dxdx

p x p x

 ′ ′ ′ ′= − + = 
′

′ ′=
′

∫ ∫ ∫

∫∫
 

(1.7.7)
 

Bkihevamy�\ujZ`_gby�kh\f_klgh]h�ghjfZevgh]h�jZkij_^_e_gby�� 
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( )
( ) ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( )

1 2
2

2 2

2

1
,

2 1 ,

1
exp 2 , ,

2 1 ,

p x x
x x r x x

x xx x
r x x

x x x xr x x

′ = ×
 ′ ′π − 

  ′ ′ ′× − − +  ′ ′ ′−     

D D

D D D D

  

(1.7.8)

 

b�qZklguo�ghjfZevguo�jZkij_^_e_gbc 

 ( )
( ){ } ( )

2

1 2

1
exp ,

2

x
p x

xx

 
= − 

π  DD
    (1.7.9) 

 ( )
( ){ } ( )

2

1 2

1
exp

2

x
p x

xx

 ′′ = − ′′π  DD
,  (1.7.10) 

ba���������\ul_dZ_l�dhebq_kl\h�bgnhjfZpbb 

 ( )21
ln 1 ,

2
I r x x ′= − −  .  (1.7.11) 

>ey�jZkoh`^_gby�bf__f�\ujZ`_gb_ 

 
( )

( )
2

2

,

1 ,

r x x
J

r x x

′
=

′−
.  (1.7.12) 

A^_kv�^bki_jkbb�b�dhwnnbpb_gl�dhjj_eypbb�jZ\gyxlky 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2,x x x p x dx x x x p x dx′ ′ ′ ′ ′= = = =∫ ∫D E D E ,  (1.7.13) 

 ( )
( ) ( )

( )1 2

1
, ,r x x xx p x x dxdx

x x
′ ′ ′ ′=

′  
∫∫

D D
.  (1.7.14) 

Ihkdhevdm� x �b� x′ �aZ\bkbfu��lh�ijbgbfZ_lky 

 ( ) ( ) ( ) ( ) ( ),p x x p x p x x p x p x x′ ′ ′= = − ,  (1.7.15) 

]^_�mkeh\gh_�ghjfZevgh_�jZkij_^_e_gb_ 

 

( )
( ) ( ){ }

( ) ( )
( ) ( )

( )

1 2
2

21 2

2

1

2 1 ,

1
exp , .

2 1 ,

p x x
x r x x

x
x xr x x

xx r x x

′ = ×
 ′ ′π − 

   ′  ′ ′× − −       ′ ′−       

D

D

DD

  

(1.7.16)
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Mqblu\Zy�����������ihemqbf�jZ\_gkl\Z 

 ( ) ( )
( ) ( ) ( )

( )

1 2

2, 1, ,
x x P

r x x r x x
x x P N

 ′ ′
′ ′= = =   + 

D D

D D
,  (1.7.17) 

]^_� ( )2P x= E �b� ( )2N y= E �_klv�kj_^gb_�agZq_gby�fhsghklb�i_j_^Zggh�

]h� kb]gZeZ� b� rmfZ�� Ih^klZ\bf� dhwnnbpb_gl� dhjj_eypbb� \� ��������� 
b� ����������\�j_amevlZl_�bf__f�\ujZ`_gb_�^ey�dhebq_kl\Z�bgnhjfZpbb�\�

ihemq_gghf�kb]gZe_�b�agZq_gb_�jZkoh`^_gby 

 
1

ln 1
2

P
I

N
 = +  

,  (1.7.18) 

 
P

J
N

= .   (1.7.19) 

>ey� hij_^_e_gby� i_j_^Zggh]h� kb]gZeZ� g_h[oh^bfh� 2n t= ∆ν � g_aZ\b�

kbfuo�gZ[ex^_gbc�>����������@��H[s__�dhebq_kl\h�bgnhjfZpbb�jZ\gy_lky�nI 
b�\�blh]_�bf__f�agZf_gblmx�nhjfmem�R_gghgZ�^ey�ijhimkdghc�kihkh[�

ghklb�dZgZeZ 

 ln 1
nI P

C
t N

 = = ∆ν +  
.  (1.7.20) 

Ba� ���������ke_^m_l��qlh�mf_gvr_gb_�\_ebqbgu�fhsghklb�rmfZ�ih�

a\hey_l�m\_ebqblv�dhebq_kl\h�i_j_^Zgghc�bgnhjfZpbb�� 
H[s__�dhebq_kl\h�jZkoh`^_gby�jZ\gy_lky� 

 02nJ E N= ,                                        (1.7.21) 

]^_� E Pt= � _klv� ihegZy� wg_j]by� i_j_^Zggh]h� kb]gZeZ�� Z� 0N N= ∆ν  – 

kj_^gyy�fhsghklv�rmfZ�gZ�_^bgbpm�ihehku�qZklhl� 
<� kemqZ_� bkqbke_gby� bgnhjfZpbb� \� [blZo� g_h[oh^bfh� jZa^_eblv�

���������b����������gZ� ln 2 ��qlh�\�blh]_�^Z_l 

 2

1
log 1

2

P
I

N
 = +  

,  (1.7.22) 

 2log 1
P

C
N

 = ∆ν +  
.  (1.7.23) 

I_j_c^_f�d�jZkkfhlj_gbx�hkgh\guo�k\hckl\�bgnhjfZpbb�jZaebqby� 
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�����BgnhjfZpby�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

D�klZlbklbq_kdbf�k\hckl\Zf�h[t_dlZ�hlghkblky�f_jZ�bgnhjfZpbb�\�

h^ghf� khklhygbb� hlghkbl_evgh� ^jm]h]h� khklhygby�� dhlhjZy� \ujZ`Z_lky�

nmgdpbhgZehf� Dmev[ZdZ–E_c[e_jZ� >���� ��@�� <� ij_^u^ms_f� iZjZ]jZn_�

ijb\h^beky� qZklguc� \b^� bgnhjfZpbb� jZaebqby�� bf_xs_c� \Z`gmx� jhev� 
\�l_hjbb�k\yab��JZkkfhljbf�h[sbc�kemqZc� 

Imklv� klZlbklbq_kdb_� gZ[ex^_gby� \_^mlky� k� jZkij_^_e_gb_f�

{ }1, , mp p p= ! � hlghkbl_evgh� khklhygby� k� { }0 01 0, , mp p p= ! �� Lh]^Z� gZ�

[ex^_gby�oZjZdl_jbamxlky�kemqZcghc�bgnhjfZpb_c�jZaebqby�\�\b^_�jZa�

ghklb�kemqZcguo�wgljhibc 

 ( ) ( ) ( ) 2: log i
i i i i

i

p
I p u h p h u

u
 = − − =  .  (1.8.1) 

<a\_r_ggh_�kj_^g__�agZq_gb_�_klv�bgnhjfZpby�jZaebqby�Dmev[ZdZ-
E_c[e_jZ�>������@ 

 ( )
2log

:

m
i

i
i i

m

i
i

p
p

u
I p u

p

 
   =

∑

∑
  (1.8.2) 

beb�ijhklh�jZaebqZxsZy�bgnhjfZpby� 
Ijb�\uiheg_gbb�mkeh\by�\_jhylghklghc�ghjfbjh\db� 

 1
m

i
i

p =∑   (1.8.3) 

\a\_r_ggh_�kj_^g__���������ijbgbfZ_l�ke_^mxsbc�\b^ 

 ( ) 2: log , 1.
m m

i
i i

i ii

p
I p u p u

u

 
= =   

∑ ∑   (1.8.4) 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�jZaebqZxs_c�bgnhjfZpbb� 
1.� Iheh`bl_evghklv � b� \uimdehklv�� BgnhjfZpby� jZaebqby� _klv�

\_s_kl\_gguc�� g_hljbpZl_evguc� b� \uimdeuc� nmgdpbhgZe�� lh� _klv� ^ey�

ijhba\hevguo� p �b�u �bf__f�g_jZ\_gkl\Z 

 ( ): 0I p u ≥ ,  (1.8.5) 

   ( ) ( )( ) ( ) ( )1 1 2 2 1 1 2 2 1 1 1 2 2 2: : :I a p a p a u a u a I p u a I p u+ + ≤ + .  (1.8.6) 
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A^_kv� 1 2 1 21, 0, 0a a a a+ = > > �b�bgnhjfZpbb�jZaebqby�k�ghjfbjh\Zg�

gufb�jZkij_^_e_gbyfb 

 ( ) 1
1 1 2 1 1

1

: log , 1
m m

i
i i

i ii

p
I p u p p

u

 
= =   

∑ ∑ ,    (1.8.7) 

 ( ) 2
2 2 2 2 2

2

: log , 1
m m

i
i i

i ii

p
I p u p p

u

 
= =   

∑ ∑ .    (1.8.8) 

JZ\_gkl\h�\� ��������^hklb]Z_lky�lh]^Z�b�lhevdh�lh]^Z��dh]^Z� 0p p= . 

:gZeh]bqgu_�g_jZ\_gkl\Z�kijZ\_^eb\u�^ey�nmgdpbhgZeZ��������� 
���:^^blb\ghklv�^ey�g_aZ\bkbfuo�h[t_dlh\��Imklv�^\Z�khklhygby�

h[t_dlZ� hibku\Zxlky� ghjfbjh\Zggufb� kh\f_klgufb� jZkij_^_e_gbyfb�

12p �b� 12u ��BgnhjfZpby�jZaebqby�bf__l�\b^ 

 ( )12 12 2: log
m n

ij
ij

i j ij

p
I p u p

u

 
 =   

∑∑ ,    (1.8.9) 

 1
m n m n

ij ij
i j i j

p u= =∑∑ ∑∑ .  (1.8.10) 

<�kemqZ_�klZlbklbq_kdhc�g_aZ\bkbfhklb�khklhygbc�bf__f�jZ\_gkl\Z�

ij i jp p p= �b� ij i ju u u= ��Ba� ��������ke_^m_l�k\hckl\h�Z^^blb\ghklb�^ey�bg�

nhjfZpbb�jZaebqby 

 ( ) ( ) ( )12 12 1 1 2 2: : :I p u I p u I p u= + ,  (1.8.11) 

]^_ 

 ( ) ( )1 1 2 2 2 2: log , : log
m n

ji
i j

i ji j

pp
I p q p I p q p

q q

  
 = =       

∑ ∑ .  (1.8.12) 

���:^^blb\ghklv�^ey�aZ\bkbfuo�h[t_dlh\��JZkkfhljbf�i_j_oh^�hl�

khklhygby� k� ijp  d� khklhygbx� k� ij i ju p p= ��Lh]^Z� k\hckl\Z� Z^^blb\ghklb�

hij_^_eyxlky�\� l_jfbgZo� mkeh\ghc� wgljhibb��>ey� wlh]h�hij_^_ebf�� kh�

]eZkgh�l_hj_fZf�keh`_gby�b�jZaeh`_gby�����������ghjfbjh\Zggu_�jZkij_�

^_e_gby� 
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 ,
n m

i ij j ij
j i

p p p p= =∑ ∑  (1.8.13) 

b�mkeh\gu_�jZkij_^_e_gby 

 ,ij ij
i j j i

j i

p p
p p

p p
= = . (1.8.14) 

Kh]eZkgh� ��������� ihemqbf� k\hckl\h� Z^^blb\ghklb� ^ey� aZ\bkbfuo�

kbkl_f�\�\b^_ 

 

( )

( ) ( ) ( )
( ) ( ) ( ) ( )

12 1 2 2

1 2 12

1 1 2 2 2 1

: log

,

m n
ij

ij
i j i j

p
I p p p p

p p

H p H p H p

H p H p p H p H p p

 
 = =  

= + − =

= − = −

∑∑

    

(1.8.15) 

]^_�khhl\_lkl\mxsb_�wgljhibb 

     ( ) ( ) ( ) ( )1 2 2 2log , log ,
m n

i i j j
i j

H p p p H p p p= − = −∑ ∑     (1.8.16) 

   ( ) ( ) ( ) ( )2 21 2 2 1
log , log ,

m n

j ii j i j j i j i
i j

H p p p H p p p= − = −∑ ∑   (1.8.17) 

     ( ) ( ) ( ) ( )2 1 1 22 1 1 2
,

m n

i i j j
i j

H p p p H p H p p p H p= =∑ ∑ .  (1.8.18) 

LZdbf�h[jZahf��bgnhjfZpby�jZaebqby�jZ\gy_lky�jZaghklb�wgljhibb�

R_gghgZ–<bg_jZ�b�kj_^g_c�mkeh\ghc�wgljhibb��<�l_hjbb�k\yab��dZd�[ueh�
ihdZaZgh�\�ij_^u^ms_f�iZjZ]jZn_��wlZ�bgnhjfZpby�jZaebqby�oZjZdl_jb�

am_l�ijhimkdgmx�kihkh[ghklv�dZgZeZ��HklZgh\bfky�ih^jh[g__�gZ�__�g_dh�

lhjuo�k\hckl\Zo��\�dhlhjuo�khklhygb_�k� ip �b�
j i

p �hij_^_eyxl��khhl\_lkl�

\_ggh��dZd�i_j_^Zgguc�b�ihemq_gguc�kb]gZeu�� 
Kbff_ljbqghklv� bgnhjfZpbb�� Ba� hij_^_e_gby� nmgdpbhgZeZ�

���������ke_^m_l�jZ\_gkl\h 

 ( ) ( )12 1 2 21 2 1: : 0I p p p I p p p= ≥ ,  (1.8.19) 

dhlhjh_� �hagZqZ_l�� �qlh� �iheh`bl_evgZy� �bgnhjfZpby� �h[�h[t_dl_�� �kh�
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^_j`ZsZyky�\�i_j_^Zgghf�b�ijbgbfZ_fhf�kb]gZeZo��h^bgZdh\Z��>jm]bfb�

keh\Zfb��g_hij_^_e_gghklv��kgylZy�ijb�ihkued_�lh]h��dZdhc�kb]gZe�[m^_l�

ihemq_g��jZ\gZ�g_hij_^_e_gghklb�kgylhc�ijb�ijb_f_�kb]gZeZ�lh]h��dZdhc�

kb]gZe�[ue�hlijZ\e_g�� 
BgnhjfZpby� h� kZfhf� kb]gZe_��?keb� ij i ijp p= δ � �]^_� ijδ  – kbf\he�

Djhg_d_jZ���lh�ba����������\ul_dZ_l�dhebq_kl\h�bgnhjfZpbb 

 ( ) ( )2log
m

i i
i

I H p p p= = −∑   (1.8.20) 

h�i_j_^Zgghf�kb]gZe_��jZ\gh_�wgljhibb�R_gghgZ–<bg_jZ� 
<� h[s_f� kemqZ_� ba� hij_^_e_gby� iheh`bl_evghc� jZaebqZxs_c� bg�

nhjfZpbb� \ul_dZxl� ba\_klgu_� g_jZ\_gkl\Z� ^ey� wgljhibc� ��������� b�

(1.5.43). 
Mf_gvr_gb_�bgnhjfZpbb��Imklv�gh\uc�i_j_^Zgguc�kb]gZe�h�kbk�

l_f_�oZjZdl_jbam_lky�jZkij_^_e_gb_f� { }1, , mp p p′ ′ ′= ! ��Dhebq_kl\h�ihem�

q_gghc� bgnhjfZpbb� g_� m\_ebqb\Z_lky�� Z� klZgh\blky� f_gvr_� bkoh^ghc��

>hdZaZl_evkl\h�ijb\h^blky�\�fhgh]jZnbb�D��R_gghgZ�>��@�� 
>Ze__� jZkkfhljbf� h[sbc� kemqZc� k� kh\f_klgufb� jZkij_^_e_gbyfb�

12p �b� 12 1 2u p p≠ ��Lh]^Z�bkihevamy�jZkij_^_e_gby 

 ,
n n

i ij i ij
j j

p p u u= =∑ ∑ ,  (1.8.21) 

 ,ij ij
j i j i

j i

p u
p u

p u
= = ,  (1.8.22) 

ihemqbf�ke_^mxs__�k\hckl\h�Z^^blb\ghklb� 

 ( ) ( ) ( )12 12 1 1 2 1 2 1
: :I p u I p u I p u= + .  (1.8.23) 

I_j\h_�keZ]Z_fh_�\����������_klv�bgnhjfZpby�jZaebqby�\�gZ[ex^_gbyo� 1p  

hlghkbl_evgh� 1u ��Z�\lhjh_�–�kj_^g__�agZq_gb_�ih� 1p  

 ( ) ( )2 1 2 1 2 1 2 1

m

i i
i

I p u I p u p= ∑   (1.8.24) 

mkeh\ghc�jZaebqZxs_c�bgnhjfZpbb� 
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 ( ) 22 1 2 1
log

n j i

i j i
j j i

p
I p u p

u

 
 =
  

∑ .  (1.8.25) 

Ijb� ij i ju p p= �ba����������\ul_dZ_l�\ujZ`_gb_���������� 

Ba���������bf__f�k\hckl\h�Z^^blb\ghklb�\�\b^_� 

 ( ) ( ) ( )12 12 2 2 1 2 1 2
: :I p u I p u I p u= + ,  (1.8.26) 

]^_ 

 ( ) ( )1 2 1 2 1 2 1 2

n

j j
j

I p u I p u p= ∑ ,  (1.8.27) 

 ( ) 21 2 1 2
log

m i j

j i j
i i j

p
I p u p

u

 
 =
  

∑ .  (1.8.28) 

HdhgqZl_evgh�ihemqbf�jZ\_gkl\h� 

 ( ) ( ) ( ) ( )1 1 2 2 1 2 1 2 2 1 2 1
: :I p u I p u I p u I p u− = − .  (1.8.29) 

I_j_c^_f� d� kemqZx� lj_o� aZ\bkbfuo� h[t_dlh\��Mqblu\Zy�nhjfmeu�

^ey�jZkij_^_e_gbc��wgljhibc�b�bgnhjfZpbc�jZaebqby 

 ( ) ( ) ( )1 2 1 1 2 2: log
m n i j

ij
i j i

p
I p p H p H p p p

p

 
 = − =   

∑∑ ,  (1.8.30) 

 

( ) ( ) ( )1 2 3 1 3 1 2 3

,

2

: ,

log ,
m n r i j k

ijk
i j k i k

I p p p H p p H p p p

p
p

p

= − =

 
 =
  

∑∑∑
  

(1.8.31)
 

 

( ) ( ) ( )12 3 12 1 1 3

,

2

: ,

log ,
m n r i j k

ijk
i j k ij

I p p H p H p p p

p
p

p

= − =

 
 =   

∑∑∑
  

(1.8.32)
 

ihemqbf�k\hckl\Z�Z^^blb\ghklb�\�ke_^mxs_f�\b^_� 

 ( ) ( ) ( ) ( ) ( )1 2 1 2 3 1 2 12 3, : :H p H p H p p p I p p I p p+ + = + ,  (1.8.33) 
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( ) ( ) ( ) ( ) ( )1 3 1 2 3 1 2 1 3 2 12 3: : : : :I p p I p p p I p p I p p p I p p+ = + = .  (1.8.34) 

���NemdlmZpby��JZkkfhljbf�nemdlmZpbx� kemqZcghc� jZaebqZxs_c�

bgnhjfZpbb 

 ( ) ( ) ( ): : :i i i iI p u I p u I p u∆ = −   (1.8.35) 

b�aZibr_f�jZkij_^_e_gb_� 

 ( ) ( ){ }: :
2 i i i iI p u I p u

i ip u
+∆= .  (1.8.36) 

Bkihevamy�mkeh\b_�ghjfbjh\db����������ihemqbf 

 
( )

( )

:

:

2

2

i i

i i

I p u
i

i m
I p u

i
i

u
p

u

∆

∆
=

∑
  (1.8.37) 

b�bgnhjfZpbx�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 

 ( ) ( )0:
0 2 0: log 2 i

m
I p p

i
i

I p p p ∆= ∑ .  (1.8.38) 

<\_^_f�nemdlmZpbb�kemqZcguo�wgljhibc 

 ( ) ( ) ( ) ( )2 2log , logi i i ih p p H p h u u H u∆ = − − ∆ = − −   (1.8.39) 

b�bgnhjfZpbb�jZaebqby 

 ( ) ( ) ( ) ( )0 0 0:i i i iI p p h p h p h p   ∆ = − ∆ − ∆ + ∆   E ,  (1.8.40) 

]^_�kj_^g__�agZq_gb_� 

 ( ) ( )
m

i i
i

h u h u p ∆ = ∆    ∑E .  (1.8.41) 

Lh]^Z�\ujZ`_gby����������b����������ijbfml�ke_^mxsbc�\b^ 

 
( ) ( ){ }

( ) ( ){ }
0

0

0

0

2

2

i i

i i

h p h p

i
i m h p h p

i
i

p
p

p

 − ∆ −∆ 

 − ∆ −∆ 
=

∑
,  (1.8.42) 

 ( ) ( ) ( ) ( ):I p u H p H u h u= − − + ∆ =      E  
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( )

( ) ( ){ }2 :

2
log

2

i

i i i

m h u

i
m h u I p u

i

−∆

− ∆ −∆
= =

∑

∑

( )

( ) ( )( ){ }

0

0
2

2
log .

2

i

i i

m h p

i
m h p h p

i

−∆

− ∆ − ∆

∑

∑
E

  (1.8.43) 

?keb� hlkmlkl\m_l�nemdlmZpby� kemqZcghc�bgnhjfZpbb� jZaebqby�� lh�

ba����������b����������\ul_dZxl�jZ\_gkl\Z 

 ( ), : 0i ip u I p u= = .  (1.8.44) 

LZdbf�h[jZahf��aZ^Z\Zy�agZq_gby�nemdlmZpbc�kemqZcguo�wgljhibc�b�

bgnhjfZpbb� jZaebqby��fh`gh�gZoh^blv� jZkij_^_e_gb_�b� kj_^g__� agZq_�

gb_�jZkkfZljb\Z_fuo�kemqZcguo�\_ebqbg� 

���BgnhjfZpby� jZaebqby� k� = 1iu m .�Ih^klZ\bf� \� bgnhjfZpbx�

jZaebqby���������jZkij_^_e_gb_�jZ\gh\_jhylgh]h�khklhygby� 

 1iu m= ,  (1.8.45) 

]^_�m  –�qbkeh�khklhygbc��Kh]eZkgh���������ihemqbf�g_jZ\_gkl\h 

 ( ) ( )2
2

log
log

: 0

m
i

i
i i

m m

i i
i i

p
p

u H p m
I p u

p p

 
    −   = = − ≥

∑

∑ ∑
,  (1.8.46) 

ba� dhlhjh]h� ke_^m_l�� qlh� wgljhiby� jZ\gh\_jhylgh]h� khklhygby� [hevr_��

q_f�wgljhiby�R_gghgZ–<bg_jZ�ijhba\hevgh]h�khklhygby� 

���G_jZ\_gkl\Z��BgnhjfZpby�jZaebqby�m^h\e_l\hjy_l�g_jZ\_gkl\Zf 

 ( ) ( ) ( )12 12 1 1 2 2: : :I p u I p u I p u≤ + ,                    (1.8.47) 

 ( ) ( ) ( ) ( )12 3 1 3 2 12 3 2 3 1: : , : :I p p I p p p I p p I p p p≥ > ,    (1.8.48) 

 ( ) ( ) ( ) ( )1 3 1 2 1 3 2 3: : , : :I p p I p p I p p I p p≥ > ,          (1.8.49) 

( ) ( )
( ) ( ) ( ) ( )

1 3 1 3 2

12 3 2 3 12 3 1 3

: : ,

: : , : : .

I p p I p p p

I p p I p p I p p I p p

≥

> ≥
         (1.8.50) 
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���G_]wgljhibcguc�ijbgpbi�;jbeexwgZ��Imklv�kj_^g__�agZq_gb_�

kemqZcghc�wgljhibb� ( )ih u �^ey�jZkij_^_e_gbc� ip �b� iu �h^bgZdh\u��Lh]^Z�

kijZ\_^eb\u�jZ\_gkl\Z 

( ) ( ) ( ) ( ) ( )2 2log log 0
m m m

i i i i i i
i i i

h u h u H u p u p u u ∆ = − = − + =    ∑ ∑ ∑E , (1.8.51) 

Z�\�blh]_�ihemqbf�agZq_gb_�jZaebqZxs_c�bgnhjfZpbb 

 ( ) ( ) ( )
( )

( )

0

0 0 2

2
: log

2

i

i

m h p

i
m

h p

i

I p p H p H p

−∆

−∆
 = − − = 

∑

∑
.  (1.8.52) 

Ba����������ke_^m_l�khhlghr_gb_ 

 ( ) ( ) ( ):H p H u I p u= − ,  (1.8.53) 

]^_�bgnhjfZpby�jZaebqby�ij_^klZ\e_gZ�\� \b^_�hljbpZl_evgh]h�\deZ^Z�\�

wgljhibx�b�ihwlhfm�gZau\Z_lky�g_]wgljhib_c��Ihgylb_�g_]wgljhibb��lh�

_klv�baf_g_gb_�wgljhibb�k�h[jZlguf�agZdhf��[ueh�ij_^eh`_gh�W��Rj_�

^bg]_jhf� >��@�� <� h[s_f� kemqZ_� \uihegy_lky� g_]wgljhibcguc� ijbgpbi�

;jbeexwgZ�>����@ 

 ( ) ( ) ( ): 0I p u H p H u+ − ≥   ,  (1.8.54) 

]^_�agZd�g_jZ\_gkl\Z�khhl\_lkl\m_l�g_h[jZlbfuf�ijhp_kkZf��ijhbkoh^y�

sbf�\�kemqZcghf�h[t_dl_� 

Ba� ��������� ke_^m_l�� qlh� m\_ebq_gb_� wgljhibb� ( )H p � ^h� agZq_gby�

( )0H p �ijhbkoh^bl�kh\f_klgh�k�ihl_j_c�bgnhjfZpbb�jZaebqby� ( ):I p u . 

G��<bg_j�>�@�lZd`_�aZibkZe�qZklguc�\b^�bgnhjfZpbb�^ey�jZ\gh\_jhylguo�

jZkij_^_e_gbc�k� 1ip m= �b� 1ju n= �\�\b^_ 

 

( ) ( ) ( )

( ) ( )2 2 2

:

log log log
m n

i i j j
i j

I p u H p H u

m
p p u u

n

= − − =  
 

= − = 
 
∑ ∑

 
 (1.8.55)

 

eh]Zjbnfbq_kdhc�f_ju�hlghr_gby�qbk_e�\hafh`guo� khklhygbc� kemqZc�

gh]h�h[t_dlZ�� 
8. JZkoh`^_gb_�� Hij_^_ebf� dhebq_kl\_ggmx� f_jm� bgnhjfZpbb�

jZaebqby�\�gZ[ex^_gbyo�u �hlghkbl_evgh� p  [33, 80]: 
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 ( ) 2: log , 1
m m m

i
i i i

i i ii

u
I u p u u p

p

 
= = =   

∑ ∑ ∑   (1.8.56) 

b�aZibr_f�ke_^mxsbc�nmgdpbhgZe 

 ( ) ( ) ( ) ( )0 0 0 2 0
0

: : : log 0.
m

i
i i

i i

p
J p p I p p I p p p p

p

 
= + = − ≥   

∑    (1.8.57) 

<_ebqbgZ� ( ):J p u �� \\_^_ggZy� \� jZ[hl_� >��@�� gZau\Z_lky� jZkoh`^_�

gb_f�b�y\ey_lky�eh]Zjbnfbq_kdhc�f_jhc�ljm^ghklb�jZaebqby�\�gZ[ex^_�

gbyo� p �b�u ��Hlf_lbf�g_dhlhju_�k\hckl\Z�jZkoh`^_gby� 

JZkoh`^_gb_�h[eZ^Z_l�k\hckl\hf�kbff_ljbqghklb�hlghkbl_evgh� p  

b� u �� lh�_klv� ( ) ( ): :J p u J u p= ��>ey�bgnhjfZpbc�jZaebqby� wlh�k\hckl\h�

g_� \uihegy_lky� ( ) ( ): :I p u I u p≠ � b� ihwlhfm� ( ):I p u � b� ( ):I u p � fh`gh�

jZkkfZljb\Zlv� dZd� gZijZ\e_ggu_� jZkoh`^_gby�� LZd`_� nmgdpbhgZe�

���������y\ey_lky�\uimdeuf�b�Z^^blb\guf�^ey�g_aZ\bkbfuo�h[t_dlh\� 

���F_jZ�g_lhqghklb��D�bgnhjfZpbhgguf�k\hckl\Zf�h[t_dlZ�hlgh�

kblky� f_jZ� klZlbklbq_kdhc� g_lhqghklb� hij_^_e_gby� h^gh]h� khklhygby�

kemqZcgh]h�h[t_dlZ�hlghkbl_evgh�^jm]h]h��dhlhjZy�\ujZ`Z_lky�nmgdpbh�

gZehf�ijb�Z^^blb\ghklb�f_j 

 ( ) ( ) ( ): :H p u H p I p u= + .  (1.8.58) 

Ba����������ke_^m_l��qlh�f_jZ�g_lhqghklb�D_jjb^`Z�>��@ 

 ( ) ( )2: log
m

i i
i

H p u u p= −∑   (1.8.59) 

y\ey_lky� kj_^gbf� agZq_gb_f� kemqZcghc� wgljhibb� ( ) 2logi ih u u= − �� Bg�

nhjfZpby�jZaebqby�ij_^klZ\ey_l�kh[hc�hljbpZl_evguc�\deZ^�\�f_jm�g_�

lhqghklb�b�y\ey_lky��lZdbf�h[jZahf��bgnhjfZpb_c�h�kgylhc�f_j_�g_lhq�

ghklb�� 
Ijb� u p= � nmgdpbhgZe� ��������� kh\iZ^Z_l� k� wgljhib_c�R_gghgZ–

<bg_jZ��lh�_klv� ( ) ( ):H p p H p= . 

GZ�jbk�����ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )H p ��bgnhjfZpbb�

jZaebqby� ( ):I p u �b�f_ju�g_lhqghklb� ( ):H p u �hl�jZkij_^_e_gby�ijb�agZ�

q_gbyo� 2m= , 1p p= ��Z��– 1 1 3u = ��[��– 1 1 2u = . 
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Z [ 

Jbk����� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb R_gghgZ–<bg_jZ hl jZkij_^_e_gby� 
1 – wgljhiby H( p), 2 – bgnhjfZpby jZaebqby I( p:u),  

3 –f_jZ g_lhqghklb H( p:u) 

 

F_jZ�g_lhqghklb�bah[jZ`Z_lky�dZkZl_evghc�d�nmgdpbb�wgljhibb�\�

lhqd_� 1u . 

����BgnhjfZpbhgguc�jZ^bmk��=_hf_ljbq_kdZy�bgl_jij_lZpby�g_�

jZ\_gkl\Z� �������� ijb� 1 2 1 2a a= = � ^Z_l� hij_^_e_gb_� bgnhjfZpbhggh]h�

jZ^bmkZ�>���@ 

    

( ) ( ) ( )

( ) ( )2 2 2

1
:

2 2

1
log log log 0.

2 2 2

m
i i i i

i i i i
i

p u
R p u H H p H u

p u p u
p p u u

+ = − + =     
+ +   = + − ≥   

∑
 

 (1.8.60)
 

Bkihevamy�nmgdpbhgZe�����������i_j_ibr_f�jZkoh`^_gb_�\�\b^_ 

 ( ) ( ) ( ): 4 : :J p u R p u T p u= +   ,  (1.8.61) 

]^_�\lhjh_�keZ]Z_fh_ 

 ( ) 2 1 2 1 2
: log 0

2 2

m
i i i i

i i i

p u p u
T p u

p u

+ +
= ≥∑   (1.8.62) 

\\_^_gh� �b� �bamqZ_lky�\� �jZ[hl_� � >���@�� �NmgdpbhgZeu� ���������b� ���������

aZ^Zxlky� lZd`_�� dZd� ihemkmffu� � bgnhjfZpbc� � jZaebqby� Dmev[ZdZ–
E_c[e_jZ�>���@� 

H(p),I(p:u), H(p:u) 

 3  

 1  

 2  

0,2 0,4 0,6 0,8 1 p 

1,6 

1,2 

0,8 

0,4 

0 

H(p),I(p:u), H(p:u) 

 2  

 1  

 3  

1,6 

1,2 

0,8 

0,4 

0 
0,2 0,4 0,6 0,8 1 p 
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 ( ) 1
: : :

2 2 2

p u p u
R p u I p I u

 + +    = +        
,  (1.8.63) 

 ( ) 1
: : :

2 2 2

p u p u
T p u I p I u

 + +    = +        
.  (1.8.64) 

����BgnhjfZpbhgguc�dhwnnbpb_gl�dhjj_eypbb��KlZlbklbq_kdZy�

aZ\bkbfhklv� kemqZcguo� h[t_dlh\� hij_^_ey_lky� bgnhjfZpbhgguf� dhwn�

nbpb_glhf�dhjj_eypbb�>��@ 

 ( )12 1 22 :
12 1 2 I p p pR −= − ,  (1.8.65) 

]^_� bgnhjfZpby� jZaebqby� ( )12 1 2:I p p p � \ujZ`Z_lky� nhjfmehc� ����������

BgnhjfZpbhgguc�dhwnnbpb_gl�dhjj_eypbb�bf__l�agZq_gb_� 12 0R = �lh]^Z�

b� lhevdh� lh]^Z�� dh]^Z� h[t_dlu� g_aZ\bkbfu�� <� wlhf� kemqZ_� kh\f_klgh_�

jZkij_^_e_gb_� jZ\gy_lky� ij i jp p p= �� qlh� ijb\h^bl� d� jZ\_gkl\m�

( )12 1 2: 0I p p p = . <� l_hjbb�i_j_^Zqb�bgnhjfZpbb� \� kbkl_fZo� k\yab�bg�

nhjfZpbhgguc� dhwnnbpb_gl� dhjj_eypbb� kh\iZ^Z_l� k� dhwnnbpb_glhf 
dhjj_eypbb� ^ey� i_j_^Zggh]h� b� ihemq_ggh]h� kb]gZeh\�� lh� _klv�

( )12 ,R r x x′= ��kf��jZa^������� 

BgnhjfZpbhgguc� dhwnnbpb_gl� dhjj_eypbb� lZd`_� aZibku\Z_lky� 
\�wd\b\Ze_glghf�\b^_ 

 2 12
12

1 2

1
p

R N
p p

 
= −    

  (1.8.66) 

beb��jZaj_rZy����������hlghkbl_evgh�kj_^g_]h�]_hf_ljbq_kdh]h��ihemqbf� 

 212
12

1 2

1
p

N R
p p

 
= −   

.  (1.8.67) 

����BgnhjfZpbhggh_ � jZkklhygb_�� =_hf_ljbq_kdZy� bgl_jij_lZpby�

bgnhjfZpbb�jZaebqby�\�\b^_� ( ) ( )21
, :

2
p u I p uδ = �khhl\_lkl\m_l�iheh\bg_�

g_kbff_ljbqgh]h�jZkklhygby�hl� p �^h� u ��Lh]^Z�g_jZ\_gkl\h�lj_m]hev�
gbdZ� g_� \uihegy_lky� b� bf__f� g_kbff_ljbqguc� ZgZeh]� l_hj_fu  
IbnZ]hjZ� 

 ( ) ( ) ( ): : :I p u I p w I w u= + .  (1.8.68) 
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JZ\_gkl\h�\����������^hklb]Z_lky�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�kijZ\_^eb\h�

mkeh\b_ 

 2 2log log
m m

i i
i i

i ii i

w w
p w

u u

   
=         

∑ ∑ .  (1.8.69) 

<�jZkkfZljb\Z_fhc�bgl_jij_lZpbb�bf__l�f_klh�lh`^_kl\h�iZjZee_�

eh]jZffZ 

   ( ) ( ): : : : 2 : .
2 2 2

p w p w p w
I p u I w u I p I w I u

+ + +     + = + +          
  (1.8.70) 

<hijhk�h[�bgnhjfZpbhgguo�jZkklhygbyo�y\ey_lky�qZklguf�kemqZ_f�

h[s_c�ijh[e_fu�klZlbklbq_kdbo�jZkklhygbc�>�����������@� 
����Ghjfbjh\Zgghklv�b�jZaf_jghklv��Ghjfbjh\Zgghklv�bgnhjfZ�

pbb�jZaebqby�hij_^_ey_lky�jZ\_gkl\hf� 

 
2

2

1 1
1,0 : , log 1

2 2
i

i
i i

p
I p

u

   = =       
∑ ,  (1.8.71) 

dhlhjh_�\uihegy_lky�lh`^_kl\_ggh��BgnhjfZpby�jZaebqby�_klv�hlghr_�

gb_� nbabq_kdhc� jZaebqZxs_c� bgnhjfZpbb� d� agZq_gbx� nbabq_kdhc� wg�

ljhibb� ( )physH u �ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m=  

 ( ) ( ):
:

1 1
,

2 2

phys

phys

I p u
I p u

H
=

 
  

,  (1.8.72) 

]^_� 

 ( ): ln
m

phys i
i

i i

p
I p u p

u

 
=    

∑ , ( ) ( )
2

lnphys
i i

i
H u u u= −∑ ,  (1.8.73) 

 
1 1 1 1

, 1,0 : , ln 2
2 2 2 2

phys physH I   = =      
.  (1.8.74) 

<� klZlbklbq_kdhc� nbabd_� bkihevam_lky� jZaf_jgZy� nbabq_kdZy� bg�

nhjfZpby�jZaebqby� ( ) ( ): :physI p u kI p u=  [19, 21]. 

14. f -bgnhjfZpby� jZaebqby�� NmgdpbhgZevgu_� h[h[s_gby� bg�

nhjfZpbb�jZaebqby�hij_^_eyxlky�\ujZ`_gbyfb� 
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 ( ):
m

i
f i

i i

u
I p u f p

p

 
=    

∑ ,  (1.8.75) 

 ( ) ( ): ,
m

f i i
i

I p u f p u= ∑ ,  (1.8.76) 

]^_�\\h^blky�\uimdeZy�nmgdpby� f ��<�qZklghklb��\�l_hjbb�i_j_^Zqb�bgnhj�

fZpbb�ih�dZgZeZf�k\yab�ba����������bf__f�ke_^mxsmx� f -bgnhjfZpbx�jZa�

ebqby� 

 ( )12 1 2:
m n

ij
f ij

i j i j

p
I p p p f p

p p

 
 =   

∑∑ .  (1.8.77) 

>ey�nmgdpbb� ( ) ( )i if h p h u = − −  �� y\eyxs_cky� kemqZcghc� bgnhj�

fZpb_c� jZaebqby�� ba� ��������� \ul_dZ_l� ba\_klgZy� f_jZ� Dmev[ZdZ–
E_c[e_jZ��NmgdpbhgZe� ��������� ij_^klZ\ey_l� kh[hc� kj_^g__� agZq_gb_� hl�

\uimdehc�nmgdpbb�� Z�nmgdpby� ( ),f p u � \� ��������� _klv� bgnhjfZpbhggZy�

nmgdpby��K\hckl\Z�bgnhjfZpbc�jZaebqby� ���������b� ���������^_lZevgh�bk�

ke_^h\Zgu�\�jZ[hlZo�>���– 71, 125]. 
<�kemqZ_�lj_o�jZkij_^_e_gbc�nmgdpbhgZe����������aZibr_lky�lZd�>���@� 

 ( ): :
m

i
f i

i i

w
I p w u f p

u

 
=    

∑ .  (1.8.78) 

?keb� ( )2log i if w u= �_klv�kemqZcgZy�bgnhjfZpby�jZaebqby��lh�h[h[s_g�

gh_�\ujZ`_gb_�>���@ 

 
( ) ( ) ( )

( ) ( )

2: : log : :

: :

m
i

i
i i

w
I p w u p I p w I p u

u

H p w H p u

 
= = − =   
= − −  

∑
 

 (1.8.79) 

ij_^klZ\ey_l� kh[hc� jZaghklv� bgnhjfZpbc� jZaebqby� eb[h� jZaghklv� f_j�

g_lhqghklb� 
Hij_^_ebf�lZd`_� f -bgnhjfZpbb�jZaebqby� 

 ( ):f

p
I p u f N

u

  =     
, ( ): :f

w
I p w u f N

u

  =     
,  (1.8.80) 
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]^_�kj_^g__�]_hf_ljbq_kdh_�jZkij_^_e_gb_ 

 
2log

2

m
i

i
i i

w
p

uw
N

u

 
   

∑  =  
.  (1.8.81) 

Imklv� f �_klv�eh]Zjbnfbq_kdZy�nmgdpby��lh]^Z�ba� ���������ke_^mxl�

\ujZ`_gby���������b�����������Ijb� w p= �ba����������b����������\ul_dZxl��kh�

hl\_lkl\_ggh��bgnhjfZpby�jZaebqby�Dmev[ZdZ–E_c[e_jZ�b� f -bgnhjfZpby�

jZaebqby���������� 

�����Wdklj_fZevgu_�k\hckl\Z�f_j�bgnhjfZpbb 

Ijb\_^_f� wdklj_fZevgu_� k\hckl\Z� f_j� bgnhjfZpbb� \� khklhygbyo�

h[t_dlZ��dhlhju_�iha\heyxl�gZoh^blv�gZb[he__�\_jhylgh_�jZkij_^_e_gb_��

Ijbgpbi�fZdkbfmfZ� wgljhibb�[ue� knhjfmebjh\Zg� \i_j\u_� \� klZlbklb�

q_kdhc�f_oZgbd_� >�@�� Z�ijbgpbi�fbgbfmfZ� jZaebqZxs_c�bgnhjfZpbb�–  
\�fZl_fZlbq_kdhc� klZlbklbd_� >��@��H[Z� ijbgpbiZ�rbjhdh� bkihevamxlky� 
\� l_hjbb� bgnhjfZpbb�� Z� Z\lhj� ijbf_gbe� bo� \� l_hjbb� kZfhhj]ZgbaZpbb�

hldjuluo�nbabq_kdbo�kbkl_f�>���– 24, 130, 131]. 
JZkkfhljbf�kemqZc�wdklj_fmfZ�wgljhibb�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑   (1.9.1) 

ijb�khojZg_gbb�ghjfbjh\db 

 1
m

i
i

p =∑ .  (1.9.2) 

Kh]eZkgh� \ZjbZpbhgghfm� f_lh^m�� \uqbkebf� [_amkeh\guc� wdklj_fmf�

nmgdpbhgZeZ 

 ( )2log
mm

i i i
i i

L p p p= − − α∑ ∑ ,  (1.9.3) 

]^_�α  –�g_hij_^_e_gguc�fgh`bl_ev�EZ]jZg`Z�� 
Ba�mkeh\by�jZ\_gkl\Z�gmex�i_j\hc�\ZjbZpbb�nmgdpbhgZeZ 

 2

1
log 0

ln 2

m m

i i i
i i

L p p p δ = − δ + − α δ =  
∑ ∑   (1.9.4) 

ke_^m_l� constip = ��Mqblu\Zy� mkeh\b_� ghjfbjh\db�� gZoh^bf� jZ\gh\_jh�

ylgh_�jZkij_^_e_gb_�b�khhl\_lkl\mxs__�agZq_gb_�wgljhibb�OZjleb� 
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1

ip
m

= ,    ( ) 2logH p m= .  (1.9.5) 

Imklv�\�fZdjhkdhibq_kdhf�hiul_�gZ[ex^Z_lky�kj_^g__�agZq_gb_ 

 ( )
m

i i
i

T T p= ∑E   (1.9.6) 

kemqZcghc� \_ebqbgu� { }1, , mT T T= ! ��Lh]^Z�bf__f�^hihegbl_evgh_� h]jZ�

gbq_gb_�gZ�jZkij_^_e_gb_� p ��Hij_^_e_gb_�wlh]h�jZkij_^_e_gby�khhl\_l�

kl\m_l�aZ^Zq_�gZ�wdklj_fmf�wgljhibb�ijb�^hihegbl_evguo�mkeh\byo�ghj�

fbjh\db� �������� b� jZ\_gkl\_� ��������� GZoh^bf� [_amkeh\guc� wdklj_fmf�

nmgdpbhgZeZ 

 ( )2log
m mm

i i i i i
i i i

L p p T p p= − + τ − α∑ ∑ ∑ ,  (1.9.7) 

]^_�α �b� τ �_klv�fgh`bl_eb�EZ]jZg`Z� 
Ba�mkeh\by� 

 2

1
log 0

ln 2

m

i i i
i

L p p T δ = − δ + − τ + α =  
∑   (1.9.8) 

\ul_dZ_l�jZkij_^_e_gb_� 

 ( )12 iT
ip +

τ −= τ , ( ) 2 i
m

T

i
+

ττ = ∑   (1.9.9) 

k� iZjZf_ljhf� τ �� dhlhjuc� f_gy_lky� \� ij_^_eZo� ^himklbfuo� agZq_gbc��
Nmgdpby� ( )τΓ �bf__l�ke_^mxsb_�k\hckl\Z 

 
( ) ( ) ( ) ( ) ( )2

2

log 1
, log

1
T H p

∂ τ ∂  = τ = ∂τ ∂ τ τ 
E

Γ
Γ .  (1.9.10) 

Kh]eZkgh� ��������b� ����������ihemqbf� wgljhibx�R_gghgZ–<bg_jZ�\� wdk�
lj_fmf_ 

 ( ) ( ) ( ) ( )2 2log log
m

i i
i

H p p p T= − = −τ + τ∑ E Γ   (1.9.11) 

b�khhl\_lkl\mxs__�^bnn_j_gpbZevgh_�khhlghr_gb_� 

 ( ) ( )dH p d T= −τ E   (1.9.12) 

\aZbfhk\yab�kh�kj_^gbf�agZq_gb_f�kemqZcghc�\_ebqbgu�T . 
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>ey�nemdlmZpbb�kemqZcghc�\_ebqbgu�bf__f�nhjfmem 

 
( ) ( )i

i

h p
T T

∂
− = −

∂τ
E , ( ) 2logi ih p p= − ,  (1.9.13) 

bkihevah\Zgb_� dhlhjhc� iha\hey_l� gZoh^blv� ijhba\hevgu_� p_gljZevgu_�

fhf_glu� 
>Ze__� jZkkfhljbf� wdklj_fmf� bgnhjfZpbb� jZaebqby� Dmev[ZdZ–

E_c[e_jZ 

 ( ) 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑   (1.9.14) 

^ey�^\mo�\ur_�jZkkfhlj_gguo� kemqZ_\�b�ihemqbf�� khhl\_lkl\_ggh�� jZk�

ij_^_e_gby 

 i ip u= ,  (1.9.15) 

 ( )12 iT
i ip u +

τ −= τ ,  ( ) 2 i
m

T
i

i
+ X

ττ = ∑   (1.9.16) 

b�k\hckl\Z�nmgdpbb� ( )τΓ  

 
( ) ( ) ( ) ( ) ( )2

2

log 1
, log :

1
T I p u

∂ τ ∂  = − τ = ∂τ ∂ τ τ 
E

Γ
Γ .  (1.9.17) 

>ey� ijhba\h^ghc� kemqZcghc� bgnhjfZpbb� jZaebqby� bf__f� khhlgh�

r_gb_ 

 
( ) ( )

:i i
i

I p u
T T

∂
= −

∂τ
E .  (1.9.18) 

JZkij_^_e_gb_� ��������� ^Z_l� wdklj_fZevgu_� agZq_gby� bgnhjfZpbb�

jZaebqby�b�jZkoh`^_gby 

 ( ) ( ) ( )2 2: log log
m

i
i

i i

p
I p u p T

u

 
= = τ − τ   

∑ E Γ ,   (1.9.19) 

 ( ) ( ) ( )2 0 2: log log
m

i
i

i i

u
I u p u T

p

 
= = −τ + τ   

∑ E Γ ,  (1.9.20) 

 ( ) ( ) ( ) ( ) ( )0: : :J p u I p u I u p T T = + = τ − E E .  (1.9.21) 

Imklv�jZkij_^_e_gb_� p �ijhba\hevgh_��Z�jZkij_^_e_gb_� u �ijbgZ^�
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e_`bl�iZjZf_ljbq_kdhfm�k_f_ckl\m�jZkij_^_e_gbc 

 ( )0 1
02 iT

iu +
τ −= τ ,  ( ) 0

0 2 i
m

T

i
+

ττ = ∑ .  (1.9.22) 

Lh]^Z��bkihevam_f� agZq_gby� wgljhibb�R_gghgZ–<bg_jZ�b� kj_^g_]h� agZ�
q_gby�\_ebqbgu�T �ijb�mkj_^g_gbb�k�jZkij_^_e_gb_f�u  

 ( ) ( ) ( )2 0log ,
mm

i i i i
i i

H u u u T T u= − =∑ ∑E   (1.9.23) 

b�i_j_ibr_f�bgnhjfZpbx�jZaebqby����������\�ke_^mxs_f�\b^_� 

 ( ) ( ) ( ) ( ) ( )0 0:I p u H p H u T T = − − − τ −    E E .  (1.9.24) 

<�^bnn_j_gpbZevghc�nhjf_����������aZibr_lky�lZd� 

 ( ) ( ) ( )0:dI p u dH p d T= − − τ E .  (1.9.25) 

Hlf_lbf� g_dhlhju_� k\hckl\Z� nmgdpbb� ( ):I p u � b� kj_^g_]h� agZq_�

gby ( )TE ��aZ\bkysbo�hl� τ . 

���Nmgdpby� ( ):I p u �y\ey_lky�\uimdehc��lh�_klv� ( ): 0I p u ≥ ��JZ\_g�

kl\h�^hklb]Z_lky�lh]^Z��dh]^Z� 0τ = . 

��� Nmgdpby� ( ):I p u � fhghlhggh� \hajZklZ_l� ijb� ( ) ( ) 0
T T τ=≥E E � b�

fhghlhggh�m[u\Z_l�ijb� ( ) ( ) 0
T T τ=≤E E . 

GZdhg_p�� jZkkfhljbf� \lhjmx� \ZjbZpbx� nmgdpbhgZeh\� b� ihemqbf�

khhl\_lkl\mxsb_�g_jZ\_gkl\Z 

 
( )2

2 1
0

ln 2

m
i

i i

p
L

p

δ
δ = − ≤∑ ,  (1.9.26) 

 
( )2

2

0

1
0

ln 2

m
i

i i i

p
L

p p

δ
δ = ≥∑ . (1.9.27) 

Ba����������ke_^m_l��qlh�wdklj_fmf�wgljhibb�R_gghgZ–<bg_jZ�^hklb]Z_l�
ky� \� __�fZdkbfmf_��<� kemqZ_� bgnhjfZpbb� jZaebqby�Dmev[ZdZ–E_c[e_jZ�
\lhjZy� \ZjbZpby� ��������� y\ey_lky� iheh`bl_evghc�� qlh� mdZau\Z_l� gZ� __�

fbgbfmf��:gZeh]bqgh�fbgbfmf�^hklb]Z_lky�b�^ey�jZkoh`^_gby� 
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������BgnhjfZpby�Nbr_jZ��G_jZ\_gkl\h�JZh–DjZf_jZ 

JZkkfhljbf� k_f_ckl\h� jZkij_^_e_gbc� h^gh]h� b� lh]h�`_� nmgdpbh�

gZevgh]h�\b^Z��dhlhju_�jZaebqZxlky� agZq_gbyfb�h^ghf_jgh]h�beb�fgh�

]hf_jgh]h� iZjZf_ljZ� θ �� oZjZdl_jbamxs_]h� gZ[ex^_gb_�� IjhkljZgkl\h�

iZjZf_ljh\� _klv�ijhkljZgkl\h�\k_o�^himklbfuo�iZjZf_ljbq_kdbo� lhq_d��

>ey�^\mo�lhq_d� { }1, , nθ = θ θ! �b� { }1, , n
′ ′ ′θ = θ θ! �\� n -f_jghf�ijhkljZgkl\_�

bf__f�jZkij_^_e_gby� ( )ip θ �b� ( )ip ′θ ��khhl\_lkl\_ggh�� 

F_jZ� bgnhjfZpbb� \� khklhygbb� ( )ip θ � hlghkbl_evgh� khklhygby�

( )ip ′θ �\ujZ`Z_lky�bgnhjfZpb_c�jZaebqby�Dmev[ZdZ–E_c[e_jZ�>��@ 

 ( ) ( )
( ) ( )2: log

m
i

i
i i

p
I p

p

 θ
′θ θ = θ  ′θ 

∑ .  (1.10.1) 

Ijb� fZehf� hldehg_gbb� lhq_d� θ � b� ′θ = θ + δθ � ijhkljZgkl\Z� bf__f�
jZkij_^_e_gby� ( )ip θ �b� ( )ip θ + δθ ��Lh]^Z� kemqZcgZy�bgnhjfZpby� jZaeb�

qby�ijbgbfZ_l�ke_^mxsbc�\b^ 
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( ) ( )2

2 2

:

log log1

2
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n n n
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k kk k

I s s

p p

 θ θ + δθ = − θ − θ + δθ = 
∂ θ ∂ θ

= − δθ − δθ δθ
∂θ ∂θ ∂θ

∑ ∑∑ A
A A

  (1.10.2) 

ijb�jZaeh`_gbb�\�jy^�L_cehjZ�ih� θ ��Ij_g_[j_]Zy�qe_gZfb�\ur_�\lhjh]h�

ihjy^dZ�\����������b�mqblu\Zy�jZ\_gkl\Z 
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( )2log 1

ln 2
i i

k i k

p p

p

∂ θ ∂ θ
=

∂θ θ ∂θ
,  (1.10.3) 
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( )
( )

( )
( ) ( )2 2

2
2

log 1 1 1

ln 2
i i i i

k i k ki

p p p p

p p

 ∂ θ ∂ θ ∂ θ ∂ θ
= − ∂θ ∂θ θ ∂θ ∂θ ∂θ ∂θθ  A A A

,  (1.10.4) 

ihemqbf�agZq_gb_�bgnhjfZpbb�jZaebqby� 

 ( ) 1
: =

2ln 2

n n

k k
k

I θ θ + δθ = δθ δθ∑∑ A A
A

,  (1.10.5) 
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]^_ 

 
( ) ( ) ( )ln ln

=
m

i i
k i

i k

p p
p

 ∂ θ ∂ θ
= θ  ∂θ ∂θ 

∑A

A

  (1.10.6) 

_klv�iheh`bl_evgh� hij_^_e_ggZy� dhjj_eypbhggZy�fZljbpZ��>ey� jZkoh`�

^_gby�bf__f�agZq_gby 

 ( ) ( ) 1
: 2 , =

ln 2

n n

k k
k

J Iθ θ + δθ = θ θ + δθ = δθ δθ∑∑ A A
A

.  (1.10.7) 

FZljbpZ�=kA �y\ey_lky�nmg^Zf_glZevghc�bgnhjfZpbhgghc�fZljbp_c�

Nbr_jZ�\�fZl_fZlbq_kdhc�klZlbklbd_�>������������������@� 
JZkkfhljbf�kemqZc�baf_g_gby�h^ghf_jgh]h�iZjZf_ljZ��Ih�hij_^_�

e_gbx� iZjZf_lj� g_� bkiulu\Z_l�nemdlmZpbc� b�� ke_^h\Zl_evgh�� g_� bf__l�

klZlbklbq_kdbo�oZjZdl_jbklbd��H^gZdh�fh`gh�ihklZ\blv�aZ^Zqm�h[�hp_gd_�

g_nemdlmbjmxs_]h� iZjZf_ljZ� ih� j_amevlZlZf� gZ[ex^_gbc�� ih^\_j`_g�

guo� klZlbklbq_kdbf� hldehg_gbyf��Ijb� wlhf� bkihevamxlky� b^_b� l_hjbb�

iZjZf_ljbq_kdh]h�hp_gb\Zgby�� 

Imklv�kemqZcgZy�\_ebqbgZ� *
iθ ��dhlhjZy�g_�aZ\bkbl�hl� θ ��\ujZ`Z_l�

ky�q_j_a�ba\_klgu_�^bkdj_lgu_�\_ebqbgu��oZjZdl_jbamxsb_�kemqZcguc�

h[t_dl�� LZdZy� \_ebqbgZ� gZau\Z_lky� hp_gdhc� bklbggh]h� agZq_gby� g_�

nemdlmbjmxs_]h�iZjZf_ljZ� θ ��Ijb�\u[hj_�hp_gdb�_kl_kl\_ggh�ij_^ih�

eh`blv�� qlh� __� kj_^g__� agZq_gb_� ( )*θE � [ueh� [ebadh� d� iZjZf_ljm� θ .  

<�h[s_f�kemqZ_�hp_gdZ�bf__l�kf_s_gb_� ( )b θ ��aZ\bkys__�hl� θ ��b�\ujZ�

`Z_lky�lZd� 

 ( ) ( ) ( )* *
m

i i
i

p bθ = θ θ = θ + θ∑E .  (1.10.8) 

Ijb� jZ\_gkl\_� ( )*θ = θE � ^ZggZy� hp_gdZ� ij_^klZ\ey_l� kh[hc� g_�

kf_s_ggmx�hp_gdm��ijb�dhlhjhc�hlkmlkl\m_l�kbkl_fZlbq_kdZy�hrb[dZ�

gZ[ex^_gbc�� h[mkeh\e_ggZy� \_ebqbghc� ( )b θ �� >ey� ^bki_jkbb� hp_gdb�

kijZ\_^eb\h� nmg^Zf_glZevgh_� bgnhjfZpbhggh_� g_jZ\_gkl\h� JZh–
DjZf_jZ�>������@� 
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+ ∂θ θ ≥ θ =
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D D ,  (1.10.9) 

^Zxs__�__�gb`gxx�]jZgv��G_dhlhju_�h[h[s_gby�^ey����������ijb\h^ylky�

\�>�-��@��Ijb� ( ) 0b θ = �g_jZ\_gkl\h����������h[jZsZ_lky�\� 

 ( ) ( )* * 1

min
=−

θθθ ≥ θ =D D .  (1.10.10) 

<_ebqbgZ� =θθ �khhl\_lkl\m_l�dhebq_kl\m�bgnhjfZpbb�Nbr_jZ�h�\_�

ebqbg_� θ ��dhlhjZy�kh^_j`blky�\�hp_gd_� *θ ��Q_f�\ur_�bgnhjfZpby��l_f�

f_gvr_� ^bki_jkby� b�� khhl\_lkl\_ggh�� \ur_� lhqghklv� gZ[ex^_gby�� Wlh�

k\yaZgh� k� l_f�� qlh�^bki_jkby� hij_^_ey_l�f_jm� lhqghklb� klZlbklbq_kdbo�

gZ[ex^_gbc�\�kemqZcghf�h[t_dl_�� 
F_jZ�bgnhjfZpbb�Nbr_jZ 
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pθθ

∂ θ 
= θ ∂θ 

∑   (1.10.11) 

oZjZdl_jbam_l�ij_^_evgh_�agZq_gb_�bgnhjfZpbb�jZaebqby 
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2
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: = �
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 ∂ θδθ  θ θ + δθ = δθ = θ
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∑   (1.10.12) 

������Nbabq_kdb_�ijbeh`_gby 

Imklv�kemqZcguc�h[t_dl�ij_^klZ\ey_l�kh[hc�qZklbpm�\�klZlbklbq_�

kdhc� nbabd_�� dhlhjuc� bf__l� khklhygby� k� jZkij_^_e_gb_f� \_jhylghkl_c�

{ }1, , mp p p= ! ��FZdkbfZevgh_�agZq_gb_�nbabq_kdhc�jZaf_jghc�wgljhibb�

;hevpfZgZ–=b[[kZ�>�@ 

 ( ) ( ) ( )ln
m

i i
i

H p k p p E F= − = β −∑   (1.11.1) 

^hklb]Z_lky�� kh]eZkgh� ��������� ijb� jZ\gh\_kghf� dZghgbq_kdhf� jZkij_^_�

e_gbb�=b[[kZ� 
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 ( ){ }1expi ip k H F−= − β − .  (1.11.2) 

A^_kv� ln 2 1k Tβ = − τ = � _klv� h[jZlgZy� Z[khexlgZy� l_fi_jZlmjZ�� iH  – 

^bkdj_lgu_�agZq_gby�wg_j]bb�qZklbpu�� ( )E H= E  –�kj_^gyy�wg_j]by�qZk�

lbpu��K\h[h^gZy�wg_j]by� 

 { }1ln exp
m

i
i

F kT k H−= − − β∑   (1.11.3) 

hij_^_ey_lky�ba�mkeh\by�ghjfbjh\db�jZkij_^_e_gby� 
>bnn_j_gpbZevgu_� khhlghr_gby� jZ\gh\_kghc� klZlbklbq_kdhc� l_j�

fh^bgZfbdb� aZfdgmluo� kbkl_f� bf_xl�� kh]eZkgh� ��������� b� ���������� ke_�

^mxsbc�\b^ 

 ( )TdH p dE= ,   ( )dF H p dT= − .  (1.11.4) 

>ey��hldjuluo���kbkl_f���gZoh^ysboky��\��hdjm`_gbb��k��l_fi_jZ�

lmjhc 0T ��nbabq_kdZy� jZaf_jgZy� bgnhjfZpby� jZaebqby� bf__l�� kh]eZkgh�

����������agZq_gb_�>��@ 
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∑
 

 (1.11.5) 

k�jZ\_gkl\hf�lh]^Z�b�lhevdh�lh]^Z��dh]^Z� 0i ip p= ��A^_kv�^ey�g_jZ\gh\_k�

ghc�b�jZ\gh\_kghc�wgljhibc�b��khhl\_lkl\_ggh��kj_^gbo�wg_j]bc�bf__f 
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m
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i

H p k p p= − ∑ , ( ) ( )0 0 0ln
m
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i

H p k p p= − ∑ ,  (1.11.6) 

 
m

i i
i

E H p= ∑ , 0 0

m

i i
i

E H p= ∑ .  (1.11.7) 

Khklhygb_�ihegh]h�jZ\gh\_kby�k�hdjm`_gb_f�hibku\Z_lky�dZghgb�

q_kdbf�jZkij_^_e_gb_f 

 ( ){ }1
0 0 0expi ip k H F−= − β −   (1.11.8) 

k�h[jZlghc�l_fi_jZlmjhc� 0 01 Tβ = �b�k\h[h^ghc�wg_j]b_c� 0F . 

Bkihevah\Zgb_�^bZ]jZffu�wgljhiby-wg_j]by�ijb^Z_l�ijhklhc�b�gZ�
]ey^guc�kfuke�bgnhjfZpbb�jZaebqby��GZ�jbk�����ijb\_^_gh�]_hf_ljbq_�
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kdh_�ij_^klZ\e_gb_�l_jfĥ bgZfbq_kdbo�\_ebqbg [12].  
 

 

d 

 

 

I(p:p0) 

e        δE              a               Rmax                 c 

                                                                                    E  

b                          q 

 

–δH 

H(p) 

 

Jbk����� Wgljhiby-wg_j]by ^ey nbabq_kdbo kbkl_f 

Djb\Zy�ab�bah[jZ`Z_l�baf_g_gb_�nmgdpbb� ( )H E �hl�ijhba\hevgh]h 

khklhygby��khhl\_lkl\mxs_]h�lhqd_� ( ),a H E= ��d�iheghfm�jZ\gh\_kghfm�

\�lhqd_� ( )0 0,b S E= ��Ba�lhqdb� b �ijh\h^blky�dZkZl_evgZy�ijyfZy� bc ��Lh�

]^Z�� kh]eZkgh� ���������� hlj_ahd� ad �� iZjZee_evguc� hkb� ( )H p �� _klv� bg�

nhjfZpby �jZaebqby Dmev[ZdZ–E_c[e_jZ� I ��Hlj_ahd� ac, iZjZee_ev�
guc�hkb� E , bah[jZ`Z_l�fZdkbfZevgmx�jZ[hlm� maxR ��\uihegy_fmx� kbk�

l_fhc�gZ^�hdjm`_gb_f��FbgbfZevgZy�jZ[hlZ� min maxR R= − � k\yaZgZ� k�ba�

f_g_gb_f�iheghc� wgljhibb� aZfdgmlhc� kbkl_fu� �kbkl_fZ�hdjm`_gb_��hl�

k\h_]h� gZb[hevr_]h� agZq_gby�� _keb� kbkl_fZ� g_jZ\gh\_kgZ�� \ujZ`_gb_f�
i

min 0H R T∆ = − . 

<�i_j\hf�kemqZ_�kjZ\gbf�agZq_gby�wgljhibc�ijhba\hevgh]h�b�ihe�

gh]h�jZ\gh\_kgh]h�khklhygbc�kbkl_fu�ijb�h^bgZdh\uo�kj_^gbo�agZq_gb�

yo�wg_j]bb��qlh�khhl\_lkl\m_l�mkeh\bx�=b[[kZ� 
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m m

i i i i
i i

H p H p=∑ ∑ .  (1.11.9) 

I_j_ibr_f����������\�ke_^mxs_f�\b^_ 

 ( ) ( ) ( )0 0: 0I p p H p H p = − − ≥  .  (1.11.10) 

LZd�dZd�bgnhjfZpby�jZaebqby�_klv�agZdhhij_^_e_gguc�nmgdpbh�

gZe��lh�ba�����������ke_^m_l�l_hj_fZ�=b[[kZ�h�fZdkbfmf_�wgljhibb�jZ\�
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gh\_kgh]h�khklhygby�>�@ 

 ( ) ( )0H p H p≥ .  (1.11.11) 

LZdbf� h[jZahf��g_�ijb[_]Zy� d� jZkkfhlj_gbx� \j_f_gghc� w\hexpbb�

wgljhibb��fh`gh�hij_^_eblv�baf_g_gby�__�ijb�i_j_oh^Zo�f_`^m�jZaebq�

gufb�khklhygbyfb�kbkl_fu��Ijbq_f�wgljhiby�ijbh[j_lZ_l�k\hckl\Z�agZ�

dhhij_^_e_ggh]h�nmgdpbhgZeZ�lhevdh�ijb�\uiheg_gbb�^hihegbl_evgh]h�

mkeh\by�ihklhygkl\Z�kj_^g_c�wg_j]bb��������� 
Ijbgpbi�fZdkbfmfZ�wgljhibb�ihdZau\Z_l��qlh�ijb�kihglZgghf�i_�

j_oh^_�hl�ijhba\hevgh]h�g_jZ\gh\_kgh]h�khklhygby�d�jZ\gh\_kghfm�kl_�

i_gv� g_hij_^_e_gghklb� �jZamihjy^hq_gghklb�� kbkl_fu� m\_ebqb\Z_lky� b�

ijb�jZ\gh\_kbb�^hklb]Z_l�fZdkbfZevgh]h�agZq_gby�� 
>ey�g_h[jZlbfuo�bgnhjfZpbhgguo�nbabq_kdbo�ijhp_kkh\�d�jZ\_g�

kl\m� ��������� ^h[Z\ey_lky� agZd� g_jZ\_gkl\Z� b� \� ^bnn_j_gpbZevghf� \b^_�

bf__f�>��@ 

 ( ) ( )0
0

1
:dI p p dH p dE

T
≥ − + .  (1.11.12) 

JZkkfZljb\Z_fuc�kemqZc�khhl\_lkl\m_l�lZdhc�nbabq_kdhc�kblmZpbb�

\�l_jfh^bgZfbd_�g_aZfdgmluo�kbkl_f��dh]^Z�\�kbkl_f_�g_�ijhbkoh^bl�ba�

f_g_gby� wg_j]bb� ( )0dE = �� Ba� ���������� \ul_dZ_l� \ujZ`_gb_� g_]wgljh�

ibcgh]h�ijbgpbiZ�;jbeexwgZ�>����@� 

 ( ) ( )0: 0dI p p dH p+ ≥ ,  (1.11.13) 

h[h[sZxs_]h� ijbgpbi� DZjgh–DeZmabmkZ� h� \hajZklZgbb� wgljhibb� ^ey�
aZfdgmluo�kbkl_f 

 ( ) 0dH p ≥ .  (1.11.14) 

Ijb� hlkmlkl\bb� baf_g_gby� jZ[hlu� ( )0Rδ = � \uihegy_lky� h[sbc�

ijbgpbi�mf_gvr_gby�bgnhjfZpbb�jZaebqby�>��@ 

 0dI ≤ .  (1.11.15) 

LZdbf� h[jZahf��\aZbfgh_�baf_g_gb_� wgljhibb�b�nbabq_kdhc�bg�

nhjfZpbb� jZaebqby� khijh\h`^Z_lky� ihl_j_c� bgnhjfZpbb� �mihjy^h�

q_gghklb��khklhygbc�kbkl_fu��Ba� ����������ke_^m_l��qlh�ijb�g_h[jZlb�

fuo� y\e_gbyo� m\_ebq_gb_� wgljhibb� ( ) ( )0:dH p dI p p> − � [hevr_�� q_f�

mf_gvr_gb_� jZaebqZxs_c� bgnhjfZpbb�� Ke_^h\Zl_evgh�� ijhbkoh^bl�

kZfhjZkiZ^� g_jZ\gh\_kghc� kbkl_fu� b� kihglZggu_� i_j_oh^u� ijb\_^ml 
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�\�dhgp_�dhgph\�d�iheghfm�jZ\gh\_kghfm�khklhygbx�g_aZfdgmlhc�kbkl_�

fu�k�fZdkbfZevghc�g_hij_^_e_gghklvx��jZamihjy^hq_gghklvx��\�khklhy�

gbyo�� 
Kh]eZkgh�;jbeexwgm�>����@��baf_g_gb_�jZ[hlu�^ey�jZkkfZljb\Z_fh�

]h�kemqZy�gZ�\_ebqbgm� 0kT �khhl\_lkl\m_l�h^ghc�gZlmjZevghc�_^bgbp_�ba�

f_j_gby�dhebq_kl\Z�bgnhjfZpbb����gbl��\�l_ieh\hc�kj_^_�� 
<h�\lhjhf�kemqZ_�kjZ\gb\Z_f�agZq_gby�kj_^gbo�wg_j]bc�ijb�h^bgZ�

dh\uo�wgljhibyo 

 ( ) ( )0H p H p= .  (1.11.16) 

Lh]^Z� bf__f� \ujZ`_gb_� ijbgpbiZ�fbgbfmfZ� kj_^g_c� wg_j]bb� \� jZ\gh�

\_kghf�khklhygbb 

 ( )max 0 0R E E= − ≥ .  (1.11.17) 

>bZ]jZffZ�wgljhiby-wg_j]by�iha\hey_l�gZclb�]_hf_ljbq_kdh_�ij_^�
klZ\e_gb_� dhwnnbpb_glm� ihe_agh]h� ^_ckl\by� �DI>�� ij_h[jZah\Zgby�

wg_j]bb� ^ey� h[jZlbfuo� ijhp_kkh\��Ba\_klgh�� qlh� DI>� ij_h[jZah\Zgby�

wg_j]bb�\ujZ`Z_lky�hlghr_gb_f�kh\_jr_gghc�fZdkbfZevghc�jZ[hlu�hl�

djulhc�kbkl_fu�d�aZljZq_gghc�wg_j]bb�\�hdjm`_gbb 

 max

max

R

R E
η =

+ δ
.  (1.11.18) 

>Zggh_�jZ\_gkl\h�ij_^klZ\ey_l�kh[hc�hlghr_gb_�hlj_adh\�ac ec��dhlhjh_ 

fh`gh� aZibkZlv� \� \b^_� ad ebη = �� Lh]^Z� DI>� ij_h[jZah\Zgby� wg_j]bb�

\ujZ`Z_lky�dZd�hlghr_gb_�bgnhjfZpbb�jZaebqby�d�baf_g_gbx�wgljhibb�

ijb�i_j_oh^_�hl�ijhba\hevgh]h�khklhygby�d�jZ\gh\_kghfm�>��@ 

 
0

1
I I

H H S
η = = ≤

−δ −
.  (1.11.19) 

K� ^jm]hc� klhjhgu�� bgl_jij_lZpby� g_jZ\_gkl\Z� ���������� gZ�fbdjh�

kdhibq_kdhf� mjh\g_� hagZqZ_l�� qlh� kl_i_gv� mihjy^hq_gghklb� khklhygbc�

hldjulhc�kbkl_fu�ijb�kihglZgghf�i_j_oh^_�kbkl_fu�f_gvr_��q_f�baf_�

g_gb_�kl_i_gb�jZamihjy^hq_gghklb�� 
BgnhjfZpby�jZaebqby�Dmev[ZdZ�y\ey_lky�agZdhhij_^_e_gghc�nmgd�

pb_c�Eyimgh\Z��Ihwlhfm��qlh[u�khklhygb_�ihegh]h�jZ\gh\_kby�[ueh�mk�

lhcqb\uf��g_h[oh^bfh�\uiheg_gb_� ke_^mxs_]h�g_jZ\_gkl\Z�^ey�ijhba�

\h^ghc� 
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( ) ( ) ( )( )00:

0
d H p H pdI p p

dt dt

−
= − ≤ .  (1.11.20) 

Ba� ���������� ke_^m_l� aZdhg� \j_f_gghc� w\hexpbb� wgljhibb  
( H –l_hj_fZ�;hevpfZgZ�>�@� 

 
( )

0
dH p

dt
≥   (1.11.21) 

ijb� ijb[eb`_gbb� d� khklhygbx� ihegh]h� jZ\gh\_kby�� Ijhbkoh^bl� kZfh�

jZkiZ^�fZdjhkdhibq_kdhc�kbkl_fu�ijb�kihglZgguo�i_j_oh^Zo� 
Imklv� kbkl_fZ� gZoh^blky� \� ehdZevghf� �qZklbqghf�� jZ\gh\_kbb� 

k� l_fi_jZlmjhc� T ��Ih^klZ\eyy� ��������� \� hkgh\gh_� mjZ\g_gb_� �����������

ihemqbf 

 ( )0
0

1 1
: ,dI p p dE

T T

 
≥ − −   

,  (1.11.22) 

]^_�agZd�g_jZ\_gkl\Z�khhl\_lkl\m_l�g_h[jZlbfuf�bgnhjfZpbhgguf�ijh�

p_kkZf�ijb�dhglZdl_�ehdZevgh�jZ\gh\_kghc�kbkl_fu�k�hdjm`_gb_f� 


