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D<:GLH<U?�F?JU�BGNHJF:PBB 

H[sb_�ihgylby�b�f_lh^u�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ�
[ueb� ij_^klZ\e_gu� \� ]eZ\_� ��� I_j_c^_f� d� bamq_gbx� \Z`gh]h� \hijhkZ�

h[h[s_gby�jZkkfZljb\Z_fuo�eh]Zjbnfbq_kdbo�f_j�wgljhibb�b�bgnhjfZ�

pbb�jZaebqby�gZ�kemqZc�ijhy\e_gby�d\Zglh\uo�k\hckl\�kemqZcguo�h[t_d�

lh\��Ijh]j_kk�\� wlhf�gZijZ\e_gbb� k\yaZg� k�\\_^_gb_f�d\Zglh\uo� klZlb�

klbd�;ha_–Wcgrl_cgZ�b�N_jfb–>bjZdZ�^ey�kh\hdmighklb�qZklbp�\�klZlb�
klbq_kdhc�nbabd_��qlh�ih^jh[gh�baeh`_gh�\�fhgh]jZnbyo�>��������������@� 

<�^Zgghc�]eZ\_�ijb\h^blky�b^_cgZy�klhjhgZ�nbabq_kdhc�klZlbklbdb�

kemqZcguo� h[t_dlh\�� h[eZ^Zxsbo� d\Zglh\ufb� k\hckl\Zfb�� JZaebqgu_�

ijbeh`_gby�fh`gh�gZclb�� gZijbf_j�� \�fhgh]jZnbyo� >���� ��@� ih� l_hjbb�

i_j_^Zqb� bgnhjfZpbb� \�nbabq_kdbo� dZgZeZo� k\yab��LZd`_� aZljhgml� \h�

ijhk� iZjZklZlbklbdb�� dhlhjuc� hlkmlkl\m_l� \� ljZ^bpbhgguo� ij_^klZ\e_�

gbyo�l_hjbb�bgnhjfZpbb�� 

�����Hi_jZlhj�iehlghklb�b�wgljhiby�G_cfZgZ 

B^_y�d\Zglh\h-klZlbklbq_kdh]h�hibkZgby�kemqZcgh]h�h[t_dlZ�\�l_h�
jbb�bgnhjfZpbb�khklhbl�\�lhf��qlh�khklhygby�hibku\Zxlky�hi_jZlhjhf�

iehlghklb� ρ �\�]bev[_jlh\hf�ijhkljZgkl\_� >������@��KemqZcgZy�\_ebqbgZ�

_klv�hi_jZlhj�T ��\a\_r_ggh_�kj_^g__�dhlhjh]h�jZ\gh 

 ( ) Sp

Sp

T
T

ρ=
ρ

E .  (2.1.1) 

D\Zglh\uc�ZgZeh]�\_jhylghklghc�ghjfbjh\db�_klv� 

 Sp 1 , 1ρ = ρ ≥   (2.1.2) 
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b��ke_^h\Zl_evgh��kj_^g__�agZq_gb_�hi_jZlhjZ�aZibr_lky�lZd� 

 ( ) SpT T= ρE .  (2.1.3) 

>ey�fZljbqgh]h�ij_^klZ\e_gby�ba���������b���������\ul_dZ_l�nhjfmeZ 

 ( ) ii ii ij ji
i i j i

T T T
≠

= ρ + ρ∑ ∑ ∑E ,  (2.1.4) 

ba� dhlhjhc� ke_^m_l�� qlh� \_jhylghklgZy� ljZdlh\dZ� kijZ\_^eb\Z� dh]^Z�

0ijρ = �ijb� i j≠ ��<�wlhf�kemqZ_�^bZ]hgZevgu_�we_f_glu�dhfie_dkghc�wj�

fblh\hc� d\Z^jZlghc� fZljbpu� iehlghklb� khhl\_lkl\mxl� \_jhylghklyf�

\hafh`guo� agZq_gbc� kemqZcghc� \_ebqbgu� b� bf_xl� ZgZeh]b� kj_^gbo� \�

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 ( ) , 1ii ii ii
i i

T T= ρ ρ =∑ ∑E .  (2.1.5) 

G_^bZ]hgZevgu_� we_f_glu� fZljbpu� iehlghklb� hljZ`Zxl� qbklh� d\Zglh�

\u_�k\hckl\Z�kemqZcgh]h�h[t_dlZ�� 
Khhl\_lkl\_ggh� hij_^_eyxlky� d\Zglh\u_� ZgZeh]b� \a\_r_ggh]h�

kj_^g_]h�]_hf_ljbq_kdh]h� 

 ( )
( )2Sp log

Sp2

T

N T

ρ
ρ= ,  (2.1.6) 

wgljhibb��bgnhjfZpbb�jZaebqby�>������@ 

 ( ) ( ) ( )2
2

Sp log
log

Sp
H N

ρ ρ
ρ = − ρ = −

ρ
,  (2.1.7) 

 ( ) ( )
( )

( )2 2 0
0 2

0

Sp log log
: log

Sp

N
I

N

ρ − ρ ρρ
ρ ρ = =

ρρ
  (2.1.8) 

b�f_ju�g_lhqghklb 

 ( ) ( ) ( )2 0
0 2 0

Sp log
: log

Sp
H N

ρ ρ
ρ ρ = − ρ = −

ρ
.  (2.1.9) 

<�nmgdpbhgZe_� �������� \ujZ`_gb_� \� kdh[dZo� h[hagZqZ_l� kemqZcgmx� bg�

nhjfZpbx�jZaebqby��jZ\gmx�jZaghklb�kemqZcguo�wgljhibc�� 
JZkkfhljbf� kemqZc� wdklj_fmfZ� d\Zglh\hc� wgljhibb� G_cfZgZ� 

[25, 36] 

 ( ) ( )2Sp logH ρ = − ρ ρ   (2.1.10) 
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ijb� khojZg_gbb� ghjfbjh\db� hi_jZlhjZ� iehlghklb� b� kj_^g_]h� agZq_gby�

kemqZcghc�\_ebqbgu� T ��Lh]^Z� aZ^ZqZ�k\h^blky�d�gZoh`^_gbx�[_amkeh\�

gh]h�wdklj_fmfZ�ke_^mxs_]h�nmgdpbhgZeZ 

 ( )2Sp log Sp SpL T= − ρ ρ + τ ρ + α ρ ,  (2.1.11) 

]^_� τ �b�α �_klv�fgh`bl_eb�EZ]jZg`Z� 
Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� ijbjZ\gy_f� gmex� i_j\mx� \Z�

jbZpbx�nmgdpbhgZeZ 

 2

1
Sp log 0

ln 2
L T

  δ = − δρ ρ + − τ − α =    
  (2.1.12) 

b�ihemqbf�hi_jZlhj�iehlghklb� 

 ( )12 Tτ −ρ = τΓ , ( ) Sp2Tττ =Γ .  (2.1.13) 

<uqbkebf�wdklj_fZevgh_�agZq_gb_�wgljhibb�G_cfZgZ 

 ( ) ( ) ( )2logH Tρ = −τ + τE Γ   (2.1.14) 

b��bkihevamy�jZ\_gkl\Z 

 
( ) ( ) ( ) ( ) ( )2

2

log 1
, log

1
T H

∂ τ ∂  = τ = ρ ∂τ ∂ τ τ 
E

Γ
Γ ,  (2.1.15) 

aZibr_f�^bnn_j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( )dH d Tρ = −τ E .  (2.1.16) 

Wdklj_fmf�d\Zglh\hc�wgljhibb�G_cfZgZ�\�jZkkfZljb\Z_fhc�\ZjbZ�

pbhgghc�aZ^Zq_�khhl\_lkl\m_l�__�fZdkbfmfm��ihkdhevdm�kijZ\_^eb\h�g_�

jZ\_gkl\h 

 ( )22 11
Sp 0

ln 2
L −δ = − ρ δρ ≤   (2.1.17) 

^ey�\lhjhc�\ZjbZpbb�nmgdpbhgZeZ���������� 
<�klZlbklbq_kdhc�nbabd_�>������@�b�l_hjbb�i_j_^Zqb�bgnhjfZpbb�ih�

nbabq_kdbf� dZgZeZf� k\yab� >���� ��@� bkihevam_lky� hi_jZlhj� =ZfbevlhgZ�

T H= ��h[jZlgZy�l_fi_jZlmjZ� ln 2β = − τ �b�nbabq_kdZy�jZaf_jgZy�wgljh�

iby� ( ) ( )Sp lnH kρ = − ρ ρ �� ]^_� k  –�ihklhyggZy�;hevpfZgZ��<� wlhf� kemqZ_�

hi_jZlhj�iehlghklb�bf__l�ba\_klguc�\b^�>��@� 

 { } ( ) ( ) { }1 1 1exp , Spexpk H k H− − −ρ = − β β β = − βΓ Γ ,  (2.1.18) 
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Z� khhlghr_gb_� ���������ij_^klZ\ey_l� kh[hc� aZdhg� klZlbklbq_kdhc� l_jfh�

^bgZfbdb 

 ( ) ( ),dH dE E Hρ = β = E   (2.1.19) 

^ey�fZdkbfZevgh]h�agZq_gby�wgljhibb�G_cfZgZ�\�jZ\gh\_kghf�khklhygbb�� 
I_j_oh^�f_`^m�khklhygbyfb�k�ijhba\hevguf�hi_jZlhjhf�iehlgh�

klb ρ �b�jZ\gh\_kguf� 

 { } ( ) ( ) { }1 1 1
0 0 0 0 0exp , Spexpk H k H− − −ρ = − β β β = − βΓ Γ   (2.1.20) 

hij_^_ey_lky�nbabq_kdhc�jZaf_jghc�bgnhjfZpb_c�jZaebqby 

 ( ) ( ) ( )0 0 0 0:I H H E E   ρ ρ = − ρ − ρ + β −   ,  (2.1.21) 

]^_�wgljhibb�b�wg_j]bb�d\Zglh\hc�kbkl_fu 

 ( ) ( )Sp lnH kρ = − ρ ρ , ( ) ( )0 0 0Sp lnH kρ = − ρ ρ ,  (2.1.22) 

 SpE H= ρ , 0 0SpE H= ρ .  (2.1.23) 

>ey�^bnn_j_gpbZeZ�bgnhjfZpbb�jZaebqby�bf__f�khhlghr_gb_ 

 ( ) ( )0 0:dI dH dEρ ρ = − ρ + β ,  (2.1.24) 

dhlhjh_� hibku\Z_l� g_jZ\gh\_kgu_� bgnhjfZpbhggu_� ijhp_kku� \� hldju�

lhc�d\Zglh\hc�kbkl_f_�>������@�� 
<�aZdexq_gb_�jZkkfhljbf�ijhba\hevgh_�d\Zglh\h_�khklhygb_�k�dh�

g_qguf� qbkehf� m � kh[kl\_gguo� agZq_gbc� iE � hi_jZlhjZ� H �� Kh]eZkgh�

����������fZljbpZ�iehlghklb�bf__l�^bZ]hgZevguc�\b^� 

 
{ }
{ }

1

1

exp
, 1

exp

mi
i ii im

i
i

i

k E
p p

k E

−

−

− β
= ρ = =

− β
∑

∑
  (2.1.25) 

b�bf__l�\_jhylghklgmx�ljZdlh\dm� 
Imklv� kh[kl\_gghfm� agZq_gbx� iE � khhl\_lkl\m_l� dhg_qgh_� qbkeh�

d\Zglh\uo�khklhygbc��bf_xs__�djZlghklv� iG ��Lh]^Z�jZkij_^_e_gb_�\_jh�

ylghkl_c�d\Zglh\uo�khklhygbc�aZibr_lky�lZd� 

 
{ }
{ }

1

1

exp
, 1

exp

mi
i ii i im

i
i i

i

k E
p p G

k E G

−

−

− β
= ρ = =

− β
∑

∑
.  (2.1.26) 

LZdh]h� jh^Z� jZkij_^_e_gby� b]jZxl� \Z`gmx� jhev� \� klZlbklbd_�
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kemqZcguo�h[t_dlh\�l_hjbb�bgnhjfZpbb��h�q_f�ihc^_l�j_qv�\�ke_^mxs_f�

iZjZ]jZn_� 

�����D\Zglh\u_�khklhygby�b�kj_^gb_ 

JZkkfhljbf� \_jhylghklgh-klZlbklbq_kdh_� hibkZgb_� kh\hdmighklb�

{ }1, , mN N N= !  ( )1N >> � klZlbklbq_kdb� kemqZcguo� h[t_dlh\�� dhlhju_�

bf_xl�fgh`_kl\h�d\Zglh\uo�khklhygbc� { }1, , mG G G= ! �� ]^_� m  –�qbkeh�

khklhygbc�� H[t_dlZfb� fh]ml� y\eylvky�� gZijbf_j�� ihke_^h\Zl_evghklb�

kbf\heh\�ba�ZenZ\blZ�b�fZl_jbZevgu_�qZklbpu�k�khhl\_lkl\mxsbfb�kh�

klhygbyfb�\�\b^_�kbf\heh\�b�djZlghklb�kh[kl\_ggh]h� agZq_gby� wg_j]bb�

qZklbpu�b�l�i� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby� 
Hij_^_e_gb_� ���Ghkbl_e_f� bgnhjfZpbb� y\eyxlky� ^\Z�fgh`_kl\Z�� 

Z�� fgh`_kl\h� \k_o� d\Zglh\uo� khklhygbc� { }1, , mG G G= ! kh\hdmighklb�

kemqZcguo� h[t_dlh\� { }1, , mN N N= ! ��[��fgh`_kl\h� kemqZcguo� \_ebqbg�

{ }1, , mT T T= ! ��oZjZdl_jbamxsbo�kh\hdmighklv�h[t_dlh\� 

Hij_^_e_gb_����<a\_r_ggh_�kj_^g__�dZ`^hc�kemqZcghc�\_ebqbgu�T 
ih�jZkij_^_e_gbx�h[t_dlh\� 

 ( )

m

i i
i
m

i
i

T N
T

N
=

∑

∑
E   (2.2.1) 

beb� 

 ( ) ( )N T
T

N
=

E
E , 

m

i
i

N N= ∑ ,  (2.2.2) 

]^_�kj_^g__ 

 ( )
m

N i i
i

T T N= ∑E   (2.2.3) 

ij_^klZ\ey_l�kh[hc�h[s__� agZq_gb_�\_ebqbgu� T �ih�kh\hdmighklb�h[t�

_dlh\�� 
AZ^ZqZ� d\Zglh\hc� klZlbklbdb� h[t_dlh\� khklhbl� \� gZoh`^_gbb� jZk�

ij_^_e_gby� iN � ih� khklhygbyf� iG ��<� k\yab� k� wlbf� jZkkfhljbf� kj_^g__�

qbkeh�h[t_dlh\�\� i -khklhygbb� 
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 i
i

i

N
D

G
=   (2.2.4) 

b�i_j_ibr_f������������������\�ke_^mxs_f�\b^_ 

 ( ) ,

m

i i i m
i

i im
i

i i
i

T D G
T D G N

D G
= =

∑
∑

∑
E ,  (2.2.5) 

 ( )
m

N i i i
i

T T D G= ∑E .  (2.2.6) 

Ba���������ke_^m_l��qlh�\_ebqbgu� iD �bf_xl�\_kZ� iG ��<\_^_f�jZkij_�

^_e_gb_� i ip D N= �b�hdhgqZl_evgh�ihemqbf�kj_^g__ 

 ( ) , 1
m m

i i i i i
i i

T T p G p G= =∑ ∑E   (2.2.7) 

b�h[s__�agZq_gb_�\_ebqbgu�T  

 ( )
m

N i i i
i

T N T p G= ∑E ,  (2.2.8) 

dhlhjh_�ijhihjpbhgZevgh�qbkem�kemqZcguo�h[t_dlh\�\�kemqZ_��_keb� iT �g_�

aZ\bkbl�hl� ip . 

G_ij_ju\gufb� ZgZeh]Zfb� jZkkfZljb\Z_fuo� kj_^gbo� y\eyxlky�

nmgdpbhgZeu 

 ( ) ,G

G
G

TDdG

T DdG N
DdG

= =
∫

∫
∫

E ,  (2.2.9) 

 ( )N
G

T TDdG= ∫E ,  (2.2.10) 

hij_^_e_ggu_�\�h[eZklb� G ��?keb�h[eZklv�ho\Zlu\Z_l�\k_�\_jhylghklgh_�

ijhkljZgkl\h�b�mkj_^g_gb_�ijhba\h^blky�k�jZkij_^_e_gb_f� p ��lh�nhjfm�

eu���������b���������ijbfml�\b^ 

 ( ) , 1T TpdG pdG= =∫ ∫E ,  (2.2.11) 

 ( )N T N TpdG= ∫E .  (2.2.12) 
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�����KlZlbklbdZ�FZdk\_eeZ–;hevpfZgZ 

Imklv�bf__lky�gZ[hj�ba� N �kemqZcguo�h[t_dlh\��d\Zglh\u_�khklhy�

gby�dhlhjuo�jZ\gh\_jhylgu��H[s__�dhebq_kl\h�khklhygbc�jZ\gy_lky�qbk�

em�G ��<hkihevam_fky�nhjfmehc�OZjleb�>��@ 

 ( ) 2logH p n m=   (2.3.1) 

^ey�f_ju�bgnhjfZpbb��hij_^_ey_fhc�^ey�qbkeZ�jZ\gh\_jhylgh]h�jZkij_�

^_e_gby�khklhygbc�h^gh]h�h[t_dlZ�ijb� n �gZ[ex^_gbyo��<�jZkkfZljb\Z_�
fhc� kblmZpbb� f_jZ� bgnhjfZpbb� ^ey� kh\hdmighklb� N � h[t_dlh\� bf__l�

ZgZeh]bqguc�\b^ 

 2logNH N G= .  (2.3.2) 

Ijb�jZkkfhlj_gbb�klZlbklbdb�kemqZcguo�h[t_dlh\�bkihevam_f�l_h�

jbx�kh_^bg_gbc��<�lZdhf�ih^oh^_�nhjfmeZ���������aZibr_lky�lZd�>��@� 

 2log +N NH = ∆ ,  (2.3.3) 

]^_� +
N

N G∆ = �b� NG �_klv�qbkeh�jZaf_s_gbc�ba�G �khklhygbc�ih� N �h[t�

_dlZf�� dhlhjh_� ^Z_l� qbkeh� \hafh`guo� fZdjhkhklhygbc� +N∆ �� Ijbq_f� 

\�\uqbke_gbyo�jZkkfZljb\Zxlky�jZaf_s_gby�k�ih\lhj_gbyfb��lh�_klv�h^�

gh�b�lh�`_�jZ\gh\hafh`gh_�khklhygb_�fh`_l�j_Zebah\u\Zlvky�g_kdhevdh�

jZa� \� h[t_dlZo�� aZibkZgguo� \� dZdhf-eb[h� ihjy^d_�� F_jZ� bgnhjfZpbb�

��������kh\iZ^Z_l�k�f_jhc�;hevpfZgZ�\�klZlbklbq_kdhc�nbabd_�>�@��ihwlh�

fm�[m^_f�gZau\Zlv�__�f_jhc�;hevpfZgZ–OZjleb� 

Imklv� kh\hdmighklv� jZaebqbfuo� h[t_dlh\� { }1, , mN N N= ! � bf__l�

d\Zglh\u_� khklhygby� { }1, , mG G G= ! ��<uqbkebf� wgljhibx� ih�nhjfme_�

;hevpfZgZ–OZjleb�� hij_^_eb\� agZq_gb_� +N∆ �� >ey� wlh]h� jZkij_^_ebf�

h[t_dlu� iN �ih�khklhygbyf� iG �lZd��qlh[u�bf_xsb_�h^gh�khklhygb_�[ueb�

lh`^_kl\_ggu�f_`^m�kh[hc�b�hlebqgu�hl�h[t_dlh\��bf_xsbo�^jm]b_�kh�

klhygby�� Lh]^Z�� kh]eZkgh� dhf[bgZlhjguf� \uqbke_gbyf� ^ey� klZlbklbdb�

;hevpfZgZ��qbkeh�\hafh`guo�fZdjhkhklhygbc�jZ\gy_lky�>��@ 

 
1

+ +
!

i

i

m m
N

N N i
i i i

G
N

∆ = ∆ =∏ ∏ ,  (2.3.4) 

]^_� iN
iG �_klv�qbkeh�\hafh`guo�jZaf_s_gbc��\_ebqbgZ� !iN �_klv�\�l_hjbb�
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kh_^bg_gbc� qbkeh� i_j_klZgh\hd� ba iN � h[t_dlh\�� Z� ijhba\_^_gb_� qbk_e�

+
iN∆ � hagZqZ_l� klZlbklbq_kdmx� g_aZ\bkbfhklv� ^ey� kh\hdmighklb� h[t_d�

lh\� 
Ih^klZ\eyy� ��������\�f_jm�bgnhjfZpbb�;hevpfZgZ–OZjleb� ��������b�

bkihevamy� nhjfmem� Klbjebg]Z� ( )! iN

i iN N e≈ �� ihemqbf� d\Zglh\mx� wg�

ljhibx�FZdk\_eeZ–;hevpfZgZ 

 2log
m

i
N i

i i

N
H N

G

 
= −    

∑ .  (2.3.5) 

<�kemqZ_�jZkij_^_e_gbc� iD �b� ip �ba���������\ul_dZxl�\ujZ`_gby 

 ( ) ( )2log
m

N i i i
i

H D D D G= −∑ ,  (2.3.6) 

 ( ) ( )2log
m

N i i i
i

H p N p p G= − ∑ ,  (2.3.7) 

]^_�qbkeh�h[t_dlh\�b�ghjfbjh\dZ 

 
m

i i
i

D G N=∑ ,   1
m

i i
i

p G =∑ .  (2.3.8) 

Wgljhiby�_klv�\a\_r_ggh_�kj_^g__ 

 ( ) ( ) ( )2log
m

N
i i i

i

H p
H p p p G

N
= = −∑   (2.3.9) 

b�hij_^_ey_lky�k�lhqghklvx�^h�ihklhygghc� 
?keb�\_kZ�bf_xl�h^bgZdh\u_�agZq_gby� 1iG = ��lh�ba���������\ul_dZ_l�

ljZ^bpbhggZy�f_jZ�bgnhjfZpbb�R_gghgZ–<bg_jZ 

 ( ) ( )2log , 1
m m

i i i
i i

H p p p p= − =∑ ∑   (2.3.10) 

k�ghjfbjh\Zgguf�jZkij_^_e_gb_f��Ijb�jZ\gh\hafh`ghf�jZkij_^_e_gbb�

1ip G= �ba���������ke_^m_l�f_jZ�bgnhjfZpbb�;hevpfZgZ–OZjleb 

 ( ) 2log ,
m

N i
i

H p N G G G= = ∑ .  (2.3.11) 
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>Ze__� jZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� d\Zglh\hc� wgljhibb�

��������ijb�mkeh\bb�khojZg_gby�qbkeZ�h[t_dlh\�b�h[s_]h�agZq_gby���������

\_ebqbgu� T �� Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� bkke_^m_f� [_amkeh\�

guc�wdklj_fmf�nmgdpbhgZeZ 

 ( )2log
m m m

i i i i i i i i
i i i

L D D G T D G D G′= − + τ + α∑ ∑ ∑ ,  (2.3.12) 

^ey�q_]h�\\_^_f�g_hij_^_e_ggu_�fgh`bl_eb�EZ]jZg`Z� τ �b� ′α .  
Ba�mkeh\by� 

 2

1
log 0

ln 2i i i iL D D T G
  ′δ = − δ + − τ − α =    

∑   (2.3.13) 

ihemqbf�jZkij_^_e_gb_ 

 
1

2 ,
ln 2

iT
iD τ +α ′= α = + α ,  (2.3.14) 

ih^klZgh\dZ�dhlhjh]h�\���������^Z_l�qbkeh�kemqZcguo�h[t_dlh\ 

 2 i
m

T
i

i
N Gτ +α= ∑ .  (2.3.15) 

Lh]^Z�jZkij_^_e_gb_�bf__l�hdhgqZl_evguc�\b^� 

 
2

2

i

i

T

i m
T

i
i

D N
G

τ

τ
=

∑
,  (2.3.16) 

]^_�\_kZ� iG �jZ\gyxlky�djZlghklb�khklhygby�kemqZcghc�\_ebqbgu� iT . 

Wdklj_fZevgh_� agZq_gb_� d\Zglh\hc� wgljhibb� b� __� ^bnn_j_gpbZe�

jZ\gyxlky 

 ( ) ( )N NH D T N= −τ − αE ,  (2.3.17) 

 ( ) ( )N NdH D d T dN= −τ − αE ,  (2.3.18) 

]^_�mql_gh�jZ\_gkl\h� 

 ( ) 0N T d Ndτ + α =E .  (2.3.19) 

JZkij_^_e_gb_����������fZdkbfbabjm_l�d\Zglh\mx�wgljhibx��lZd�dZd�

kijZ\_^eb\h�g_jZ\_gkl\h�� 
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( )2

2 1
0

ln 2

m
i

i
i i

D
L G

D

δ
δ = − ≤∑ .  (2.3.20) 

<� aZdexq_gb_� jZkkfhljbf� g_dhlhju_� klZlbklbq_kdb_� k\hckl\Z� bk�

ke_^m_fuo�\_ebqbg� 
LZd� qbkeh� \hafh`guo�fZdjhkhklhygbc� +N∆ �bf__l�^ey� jZkkfZljb�

\Z_fhc�klZlbklbdb�ijhajZqguc�fZl_fZlbq_kdbc�kfuke��<ujZabf�d\Zglh�

\mx�wgljhibx�R_gghgZ–<bg_jZ 

 ( ) ( )2logH D N D= −   (2.3.21) 

\�aZ\bkbfhklb�hl�\a\_r_ggh]h�kj_^g_]h�]_hf_ljbq_kdh]h 

 ( )

( ) ( )2 2log log

2 2

m m

i i i i i i
i i

m m

i i i
i i

N G N D D G

N D G

N D

∑ ∑

∑ ∑
= = ,  (2.3.22) 

lh]^Z�qbkeh�\hafh`guo�fZdjhkhklhygbc�h[jZlgh�ijhihjpbhgZevgh�\a\_�

r_gghfm�kj_^g_fm�]_hf_ljbq_kdhfm�jZkij_^_e_gby� D ��lh�_klv�\uihegy�

_lky�jZ\_gkl\h� ( )+ �N N D∆ = ��<�qZklghf�kemqZ_��_keb� 1iN = ��lh�^ey� +N∆  

ke_^m_l�h[uqgh_�kj_^g__�]_hf_ljbq_kdh_�^ey�\_ebqbgu� iG  

 ( )
m

m
i

i
N G G= ∏ .  (2.3.23) 

K�^jm]hc�klhjhgu��bkihevah\Zgb_�\_ebqbgu 

 ( )1

! !
, , +

!

i

ii

N
m m

i
m NN

i i i

GN N
p N N

N GG

 
= ∆ =  

 
∏ ∏! ,  (2.3.24) 

]^_� ! !iN N �_klv�\�l_hjbb�kh_^bg_gbc�qbkeh�i_j_klZgh\hd�ba� iN �h[t_dlh\�

k� ih\lhj_gbyfb�� ^Z_l� \_jhylghklgmx� ljZdlh\dm� nhjfmeu� ;hevpfZgZ–
OZjleb�^ey�bgnhjfZpbb��qlh�[ueh�ihdZaZgh�\i_j\u_�;hevpfZghf�>�@�^ey�

klZlbklbq_kdhc�nbabdb��<f_klh���������bf__f�nhjfmem 

 ( ) ( )1 2 1, , log , ,N m mH N N p N N=! ! ,  (2.3.25) 

]^_�^ey�ihebghfbZevgh]h�jZkij_^_e_gby�\_jhylghkl_c�\uihegy_lky�mkeh�

\b_�ghjfbjh\db� 
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 ( )
1

1, , 1
m

N
m

i
m

N N N i

G
p N N

G+ + =

 
= = 

 
∑ ∑

!

! .  (2.3.26) 

<\_^_gb_�kemqZcghc�wgljhibb�;hevpfZgZ–OZjleb 

 ( ) ( )1 2 1, , log , ,N m mH N N p N N= −! !   (2.3.27) 

b�__�mkj_^g_gb_�ijb\h^bl�d�gh\hfm�hij_^_e_gbx�bgnhjfZpbb 

 
( )

( ) ( )
1

1

2 1 1

, ,

log , , , , .
m

N N N m

m m
N N N

H H N N

p N N p N N
+ + =

 = = 
 = −  ∑

E

!

!

! !
  (2.3.28) 

Kj_^g__�agZq_gb_�ijhba\hevghc�kemqZcghc�\_ebqbgu� ( )1, , mT N N!  

^Z_lky�jZ\_gkl\hf 

 ( ) ( ) ( )
1

1 1 1, , , , , , .
m

N N m m m
N N N

T T N N T N N p N N
+ + =

 = =  ∑E
!

! ! !  (2.3.29) 

�����KlZlbklbdZ�N_jfb–>bjZdZ 

Kh\j_f_ggZy� klZlbklbdZ�bkihevam_l�ijbgpbi�g_jZaebqbfhklb� h[t�

_dlh\��qZklbp���Wlhl�d\Zglhf_oZgbq_kdbc�ijbgpbi�hagZqZ_l��qlh�i_j_klZ�

gh\dZ�h[t_dlh\�g_�^Z_l�gh\h]h�d\Zglh\h]h�khklhygby��JZkkfhljbf�klZlb�

klbdm�N_jfb–>bjZdZ��\�dhlhjhc�\uihegy_lky�ijbgpbi�IZmeb��<ke_^kl\b_�
wlh]h�ijbgpbiZ�gb�h^gh�khklhygb_�g_�fh`_l�kh^_j`Zlv�[he__�h^gh]h�h[t�

_dlZ��Qbkeh�\hafh`guo�fZdjhkhklhygbc�kh\hdmighklb�ba� N �g_jZaebqb�

fuo�h[t_dlh\�>��@ 

 ( )
!

+ +
! !i

m
i

N N
i i i i

G

N G N
∆ = ∆ =

−
∏   (2.4.1) 

jZ\gy_lky�ijhba\_^_gbx�qbk_e�khq_lZgbc�ba� iG �khklhygbc�ih� iN �h[t�

_dlZf� 
Eh]Zjbnfbq_kdZy�f_jZ�;hevpfZgZ–OZjleb 

 2log +N NH = ∆   (2.4.2) 

^Z_l�ijb�[hevrbo� iN �ke_^mxs__� agZq_gb_�d\Zglh\hc�wgljhibb�N_jfb–

>bjZdZ� 
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( ) ( )2 2 2

2 2

log log log

log log 1 .

m

N i i i i i i i i
i

m
i i

i i
i i i i i

H N N G G G N G N

N N
N G

G N G N

 = − − + − − = 

  
= − − +   − −   

∑

∑
 
 (2.4.3)

 

I_j_oh^y� d� jZkij_^_e_gbyf� iD � b� ip �� khhl\_lkl\_ggh�� ihemqbf�

nmgdpbhgZeu 

 ( ) ( ) ( )2 2log 1 log 1
m

N i i i i i
i

H D D D D D G = − + − − ∑ ,  (2.4.4) 

 ( ) ( )2 2

1
log log 1

m

N i i i i i
i

H p N p p p Np G
N

  = − + − −    
∑ ,  (2.4.5) 

]^_ 

 , 1
m m

i i i i
i i

D G N p G= =∑ ∑ .  (2.4.6) 

Hlf_lbf��qlh�\a\_r_ggh_�kj_^g__�k�lhqghklvx�^h�ihklhygghc 

 ( ) ( ) ( ) ( )2 2

1
log 1 log 1

m
N

i i i i i
i

H p
H p p p Np Np G

N N
 = = − + − −  

∑   (2.4.7) 

aZ\bkbl� hl� qbkeZ� h[t_dlh\� N �� Ijbq_f� kijZ\_^eb\h� mkeh\b_� i iN G<   

�beb� 1iNp < ). 

J_r_gb_� \ZjbZpbhgghc� aZ^Zqb� gZ� wdklj_fmf� d\Zglh\hc� wgljhibb�

N_jfb–>bjZdZ� khhl\_lkl\m_l� gZoh`^_gbx� gZb[he__� \_jhylgh]h� jZkij_�
^_e_gby��Mqblu\Zy�^hihegbl_evgu_�mkeh\by�khojZg_gby�kj_^g_]h�b�qbkeZ�

h[t_dlh\ 

 ( ) ,
m m

N i i i i i
i i

T T D G N D G= =∑ ∑E   (2.4.8) 

b�ijbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx�nmgdpbhgZeZ 

( ) ( )2 2log 1 log 1 ,
m m m

i i i i i i i i i i
i i i

L D D D D G T D G D G = − + − − + τ + α ∑ ∑ ∑   (2.4.9) 

ihemqbf�jZ\_gkl\h� 
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 ( )2 2log log 1 0i i iD D T− − − τ − α = .  (2.4.10) 

Ba����������\ul_dZ_l�jZkij_^_e_gb_� 

 
1

2 1ii T
D −τ −α=

+
,  (2.4.11) 

k� ihfhsvx� dhlhjh]h� \uqbkey_lky� qbkeh� h[t_dlh\� b� g_ghjfbjh\Zggh_�

kj_^g__�agZq_gb_ 

 ( ),
2 1 2 1i i

m m
i i i

NT T
i i

G T G
N T−τ −α −τ −α= =

+ +
∑ ∑E .  (2.4.12) 

IZjZf_lj� τ �\� ���������f_gy_lky�\�ij_^_eZo�^himklbfuo�agZq_gbc��Z�agZ�
q_gb_�α �hij_^_ey_lky�ba�khhlghr_gby���������� 

JZkkfhljbf�\lhjmx�\ZjbZpbx�nmgdpbhgZeZ���������b�ihemqbf�g_jZ�

\_gkl\h 

 
( )
( )

2

2 1
0

ln 2 1

m
i

i
i i i

D
L G

D D

δ
δ = − ≤

−
∑ ,  (2.4.13) 

hagZqZxs__��qlh�wdklj_fmf�d\Zglh\hc�wgljhibb�^hklb]Z_lky�\�fZdkbfmf_� 
Ih^klZ\b\� jZkij_^_e_gb_� ��������� \� ���������ihemqbf�fZdkbfZevgh_�

agZq_gb_�wgljhibb 

 ( ) ( )N NH D T N= −τ − α + τΩE .  (2.4.14) 

A^_kv�\\h^blky�\ujZ`_gb_�^ey�kmffu 

 ( )2log 1 2 i
m

T
i

i
Gτ +α τΩ = − + ∑ ,  (2.4.15) 

dhlhjh_�bf__l�ke_^mxsb_�k\hckl\Z 

 
( ) ( )

m

i i i N
i

T D G T
∂ τΩ

= =
∂τ

∑ E , (2.4.16) 

 
( ) m

i i
i

D G N
∂ τΩ

= =
∂α

∑ .  (2.4.17) 

>bnn_j_gpbjm_f�wgljhibx����������b��bkihevamy����������b�����������

ihemqbf�khhlghr_gb_ 

 ( ) ( )N NdH D d T dN= −τ − αE ,  (2.4.18) 
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dhlhjh_� bf__l� nmg^Zf_glZevgh_� agZq_gb_� \� klZlbklbq_kdhc� l_jfh^bgZ�

fbd_��h�q_f�ihc^_l�j_qv�\�nbabq_kdbo�ijbeh`_gbyo�jZa^������ 

�����KlZlbklbdZ�;ha_–Wcgrl_cgZ 

JZkkfhljbf�klZlbklbdm�;ha_–Wcgrl_cgZ��\�dhlhjhc�qbkeh�\hafh`�

guo�fZdjhkhklhygbc�kh\hdmighklb�ba� N �g_jZaebqbfuo�h[t_dlh\�>�4] 

 
( )
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1 !

+ +
! 1 !i

m
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N N
i i i
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N G

+ −
∆ = ∆ =

−
∏  (2.5.1) 

\ul_dZ_l�ba�mkeh\by��qlh�h^gh�khklhygb_�fh`_l�kh^_j`Zlv�ex[h_�dhebq_�

kl\h�h[t_dlh\��<_ebqbgZ���������_klv�ijhba\_^_gb_�qbk_e�khq_lZgbc�ba� iG  

khklhygbc�ih� iN �h[t_dlZf�k�ih\lhj_gbyfb� 

Ih^klZgh\dZ� \� eh]Zjbnfbq_kdmx� f_jm� ;hevpfZgZ–OZjleb� ��������
^Z_l�ijb�[hevrbo� iN �d\Zglh\mx�wgljhibx�;ha_–Wcgrl_cgZ 
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 = − + − + + = 

  
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∑
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(2.5.2) 

dhlhjZy�^ey�jZkij_^_e_gbc� iD �b� ip �ijbgbfZ_l�\b^ 

 ( ) ( ) ( )2 2log 1 log 1
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N i i i i i
i

H D D D D D G = − − + + ∑ ,  (2.5.3) 

 ( ) ( )2 2

1
log log 1

m

N i i i i i
i
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N

  = − − + +    
∑ ,  (2.5.4) 

]^_�qbkeh�h[t_dlh\�b�ghjfbjh\dZ 
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i i i i
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D G N p G= =∑ ∑ .  (2.5.5) 

<a\_r_ggh_�kj_^g__ 

 ( ) ( ) ( ) ( )2 2

1
log 1 log 1

m
N

i i i i i
i

H p
H p p p Np Np G
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 = = − − + +  

∑   (2.5.6) 
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aZ\bkbl�lZd`_��dZd�b�\�klZlbklbd_�N_jfb–>bjZdZ��hl�qbkeZ�h[t_dlh\� N �b�

hij_^_ey_lky�k�lhqghklvx�^h�ihklhygghc� 
>Ze__�gZoh^bf�wdklj_fmf�d\Zglh\hc�wgljhibb�;ha_–Wcgrl_cgZ�ijb�

^hihegbl_evguo�mkeh\byo�khojZg_gby�kj_^g_]h�b�qbkeZ�h[t_dlh\ 

 ( ) ,
m m

N i i i i i
i i

T T D G N D G= =∑ ∑E .  (2.5.7) 

Lh]^Z�\Zjvbjm_f�nmgdpbhgZe 

 
( ) ( )2 2log 1 log 1

m

i i i i i
i

m m

i i i i i
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L D D D D G

T D G D G

 = − − + + + 

+τ + α

∑

∑ ∑
 

 (2.5.8) 

b�ba�mkeh\by 

 ( )2 2log log 1
m

i i i i i
i

L D D D T G δ = − δ − + − τ − α ∑   (2.5.9) 

ihemqbf�jZkij_^_e_gb_� 

 
1

2 1ii T
D −τ −α=

−
  (2.5.10) 

b��khhl\_lkl\_ggh��qbkeh�h[t_dlh\�b�kj_^g__�agZq_gb_ 
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2 1 2 1i i
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G T G
N T−τ −α −τ −α= =

− −
∑ ∑E .  (2.5.11) 

Fgh`bl_ev�EZ]jZg`Z� τ �f_gy_lky�\�^himklbfuo�ij_^_eZo�� α �gZoh�

^blky�ba���������� 
Wdklj_fZevgh_�agZq_gb_�^Z_lky�\ujZ`_gb_f 

 ( ) ( )N NH D T N= −τ − α + τΩE ,  (2.5.12) 

]^_�\_ebqbgZ 

 ( )2log 1 2 i
m

T
i

i
Gτ +α τΩ = − ∑   (2.5.13) 

bf__l� k\hckl\Z� ���������b� ���������� dhlhju_�[ueb� hij_^_e_gu�^ey� klZlb�

klbdb�N_jfb–>bjZdZ��:gZeh]bqgh� \ul_dZ_l� ^bnn_j_gpbZevgh_� khhlgh�
r_gb_� 
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 ( ) ( )N NdH D d T dN= −τ − αE   (2.5.14) 

^ey� fZdkbfZevgh]h� agZq_gby� d\Zglh\hc� wgljhibb�� lZd� dZd� kijZ\_^eb\h�

ke_^mxs__�g_jZ\_gkl\h 
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<� aZdexq_gb_� hlf_lbf�� qlh� qbkeZ� \hafh`guo� fZdjhkhklhygbc�

��������b���������^ey�d\Zglh\uo�klZlbklbd�ijb� i iN G<< �i_j_oh^yl�\�\ujZ�
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H D N D G
N D G

= = =
∑

∑
∑

,  (2.6.4) 
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Z�^ey� i ip D N= �bf__f�wgljhibx 

 ( ) ( ) ( )2

1
log , 1

m m
N

i i i i
i i

H p
H p p G p G

N N
= = =∑ ∑ ,  (2.6.5) 

dhlhjZy�aZ\bkbl�hl�N �b�hij_^_ey_lky�k�lhqghklvx�^h�ihklhygghc� 
Lhqgh_�agZq_gb_�\a\_r_ggh]h�kj_^g_]h�ih�\_kZf� iG �jZ\gy_lky� 

 ( ) ( ) ( )2log
,

m

i i m
N i

im
i

i
i

D G
H D

H D G G
G G

= = =
∑

∑
∑

.  (2.6.6) 

JZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� d\ZabdeZkkbq_kdhc� wgljhibb�

��������ijb�^hihegbl_evguo�mkeh\byo�khojZg_gby�kj_^g_]h�b�qbkeZ�h[t_d�

lh\ 

 ( ) ,
m m

N i i i i i
i i

T T D G N D G= =∑ ∑E .  (2.6.7) 

IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx�nmgdpbhgZeZ 

 ( )2log
m m m

i i i i i i i
i i i

L D G T D G D G= + τ + α∑ ∑ ∑ ,  (2.6.8) 

ihemqbf�khhlghr_gb_ 

 
1

ln 2

m

i i i
i i

L D T G
D

 
δ = δ + τ + α 

  
∑ ,  (2.6.9) 

ba�dhlhjh]h�ke_^m_l�jZkij_^_e_gb_ 

 ( )
1

, 0
ln 2i

i

D
T

= − τ <
τ + α

.  (2.6.10) 

Ih^klZ\bf����������\� ��������b���������b�ihemqbf�wdklj_fZevgu_�agZ�

q_gby 

 ( ) ( )2log const
m

N i i
i

H D T G = − −τ − α + ∑ ,  (2.6.11) 

 ( ) 1 1 1
,

ln 2 ln 2

m m
i

N i i
i ii i

T
T G N G

T T

   
= − = −      τ + α τ + α   

∑ ∑E .  (2.6.12) 

Ijbq_f��wdklj_fmf�d\ZabdeZkkbq_kdhc�wgljhibb�khhl\_lkl\m_l�fZdkbfm�
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fm��lZd�dZd�kijZ\_^eb\h�g_jZ\_gkl\h 

 
( )2

2 1
0

ln 2

m
i

i
i i

D
L G

D

δ
δ = − ≤∑ .  (2.6.13) 

>bnn_j_gpbjmy����������ih� τ �b�α ��hdhgqZl_evgh�bf__f�khhlghr_gb_ 

 ( ) ( )N NdH D d T dN= −τ − αE .  (2.6.14) 

Bgl_j_kguc�kemqZc�ke_^m_l��_keb�iheh`blv� 0α = ��Lh]^Z�ba����������

b����������\ul_dZxl�khhlghr_gby 

 ( ) ( )ln
m

N i i
i

H D k T G= − −τ∑ ,  (2.6.15) 

 ( ) ( )1
,

ln 2 ln 2

m m

N i i i
i i

T G N T G
τ= = τ∑ ∑E .  (2.6.16) 

�����D\Zglh\u_�bgnhjfZpbb�jZaebqby� 
b�f_ju�g_lhqghklb 

Ijb\_^_f� kljh]h_� \_jhylghklgh-klZlbklbq_kdh_� h[hkgh\Zgb_� d\Zg�
lh\uo�bgnhjfZpbc�jZaebqby�ijb�gZ[ex^_gbyo�aZ�khklhygb_f�kh\hdmigh�

klb� h[t_dlh\� { }1 11 1, , mN N N= ! � hlghkbl_evgh� { }2 21 2, , mN N N= ! �� dhlh�

jh_�[ueh�^Zgh�\i_j\u_�\�jZ[hlZo�Z\lhjZ�>�������@�� 
JZkkfZljb\Zy�\gZqZe_�jZkij_^_e_gby� 1iN �b� 2iN �ih�khklhygbyf� iG , 

dZd�g_aZ\bkbfu_��\uqbkebf�bgnhjfZpbx�jZaebqby�\�\b^_�jZaghklb�d\Zg�

lh\uo�wgljhibc� 

 ( ) ( ) 2

1 21
1

12 2

+

log
+

N

N NN
N

I H H
∆

= − − =
∆

,  (2.7.1) 

]^_ 

 
1 1i

m

N N
i

∆ = ∆∏Γ Γ , 1 1

m

i
i

N N=∑ ,  (2.7.2) 

 
2 2i

m

N N
i

∆ = ∆∏Γ Γ , 2 2

m

i
i

N N=∑ .  (2.7.3)  
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Wlh�h[hkgh\Zggh�khhl\_lkl\m_l�hij_^_e_gbx�bgnhjfZpbb�\�\b^_�g_]wg�

ljhibb�ih�;jbeexwgm��H^gZdh�mq_l�jZaebqby�f_`^m�^\mfy�]jmiiZfb�qZk�

lbp��oZjZdl_jbamxs_]hky�qbkeZfb� 1 2i i iK N N= − �b� 1 2K N N= − �^Z_l�^h�

ihegbl_evgh_�keZ]Z_fh_� ( )
2 22log + +N N K−∆ ∆ ��<�blh]_�wlh�ijb\h^bl�d�hk�

gh\ghfm�khhlghr_gbx� 

 ( ) 2 2

1
1 2

12 2 2

+ +

log log
+ +

N N

N
N N K

I
−

∆ ∆
= +

∆ ∆
. (2.7.4) 

<_ebqbgZ�
2

+N K−∆ � ^ey� jZkkfZljb\Z_fuo� h[t_dlh\� aZibr_lky� kh�

]eZkgh���������������������������b���������ke_^mxsbf�h[jZahf� 

 ( )
2

2 2
2

+ +
 !

i i

i i

N Km m
i

N K N K
i i i i

G

N K

−

− −∆ = ∆ =
−

∏ ∏ ,  (2.7.5) 

 
( ) ( )2 2

2 2

!
+ +

! !i i

m m
i

N K N K
i i i i i i i

G

N K G N K− −∆ = ∆ =
 − − − 

∏ ∏ ,  (2.7.6) 

 
( )

( ) ( )2 2

2

2

1 !
+ +

1 ! !i i

m m
i i i

N K N K
i i i i i

G N K

G N K− −

 + − − ∆ = ∆ =
− −

∏ ∏ ,  (2.7.7) 

  
( )

( )2 2

2
+ +

1 ! 

i

i i

G
m m

i i
N K N K

i i i

N K

G− −

−
∆ = ∆ =

−
∏ ∏ .  (2.7.8) 

>Ze__��bkihevamy�nhjfmem�Klbjebg]Z�b�ijb[eb`_ggh_�agZq_gb_ 

 ( )
2

2
2

!

!
iKi

i
i i

N
N

N K
≈

−
  (2.7.9) 

ijb� 2i iK N<< �� ihemqbf� \ujZ`_gby� d\Zglh\uo� bgnhjfZpbc� jZaebqby��

jZkoh`^_gbc�b�f_j�g_lhqghklb�^ey�jZaebqguo�klZlbklbd� 
Z��FZdk\_eeZ–;hevpfZgZ� 

 ( )
1

1
12 1 2

2

log
m

i
iN

i i

N
I N

N
= ∑ ,  (2.7.10) 

 ( ) 1
12 1 2 2

2

log
m

i
i i

i i

N
J N N

N
= −∑ ,  (2.7.11) 
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 ( )
1

12 1 2 2log
m

i iN
i

H N N= −∑ ,  (2.7.12) 

[��N_jfb–>bjZdZ� 

 ( ) ( )
1

1 1
12 1 2 1 2

2 2

log log
m

i i i
i i iN

i i i i

N G N
I N G N

N G N

 −
= + − −  

∑ ,  (2.7.13) 

 ( ) ( )
( )

1 1
12 1 2 2

2 2

log
m

i i i
i i

i i i i

N G N
J N N

N G N

−
= −

−
∑ ,  (2.7.14) 

 ( ) ( ) ( )
1

12 1 2 2 1 2 2log log
m

i i i i i iN
i

H N N G N G N = − + − − ∑ ,  (2.7.15) 

\��;ha_–Wgrl_cgZ� 

 ( ) ( )
1

1 1
12 1 2 1 2

2 2

log log
m

i i i
i i iN

i i i i

N G N
I N G N

N G N

 +
= − + +  

∑ ,  (2.7.16) 

 ( ) ( )
( )

1 1
12 1 2 2

2 2

log
m

i i i
i i

i i i i

N G N
J N N

N G N

+
= −

+
∑ ,  (2.7.17) 

 ( ) ( ) ( )
1

12 1 2 2 1 2 2log log
m

i i i i i iN
i

H N N G N G N = − − + + ∑ ,  (2.7.18) 

]��d\ZabdeZkkbq_kdhc� 

 ( )
1

2
12 2

1

log
m

i
iN

i i

N
I G

N

 
=    

∑ ,  (2.7.19) 

 12 0J = , ( )
2 2 2log

m

N i i
i

H N G= ∑ ,  (2.7.20) 

]^_�hims_gu�dhgklZglu� 
?keb�i_j_clb�d�jZkij_^_e_gbyf� 1 1i i iD N G= �b� 2 2i i iD N G= ��lh�ba�

(2.7.10) –����������\ul_dZxl�nmgdpbhgZeu� 

  ( )
1

1
1 2 1 2

2

: log
m

i
N i i

i i

D
I D D D G

D

 
=    

∑ ,  (2.7.21) 
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 ( ) ( ) 1
1 2 1 2 2

2

: log
m

i
i i i

i i

D
J D D D D G

D

 
= − 

  
∑ ,  (2.7.22) 

 ( ) ( )
1 1 2 1 2 2: log

m

N i i i
i

H D D D D G= −∑ ,  (2.7.23) 

  ( ) ( )
1

1 1
1 2 1 2 1 2

2 2

1
: log 1 log

1

m
i i

N i i i
i i i

D D
I D D D D G

D D

 −
= + − −  

∑ ,  (2.7.24) 
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1 1
1 2 1 2 2
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1
: log

1

m
i i

i i i
i i i

D D
J D D D D G

D D

 −
= − 

−  
∑ ,  (2.7.25) 
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1

1 1
1 2 1 2 1 2
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1
: log 1 log

1

m
i i

N i i i
i i i

D D
I D D D D G

D D

 −
= + − −  

∑ ,  (2.7.26) 
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1

1 1
1 2 1 2 1 2
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1
: log 1 log

1

m
i i

N i i i
i i i

D D
I D D D D G

D D

 +
= − + +  

∑ ,  (2.7.27) 

 ( ) ( ) ( )
( )

1 1
1 2 1 2 2
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1
: log

1

m
i i

i i i
i i i

D D
J D D D D G

D D

 +
= − 

+  
∑ ,  (2.7.28) 

 ( ) ( ) ( )
1 1 2 1 2 2 1 2 2: log 1 log 1

m

N i i i i i
i

H D D D D D D G = − − + + ∑ ,   (2.7.29) 

  ( )
1

2
1 2 2

1

: log
m

i
N i

i i

D
I D D G

D

 
=    

∑ ,  (2.7.30) 

 ( )1 2: 0J D D = , ( )
1

2
1 2 2

1

: log
m

i
N i

i i

D
I D D G

D

 
=    

∑ ,  (2.7.31) 

]^_� f_jZ� g_lhqghklb� jZ\gy_lky�� kh]eZkgh� ���������� \ujZ`_gbx�

( ) ( ) ( )
1 1 11 2 1 1 2: :N N NH D D H D I D D= + . 

I_j_c^_f� d� bkke_^h\Zgbx� wdklj_fZevguo� k\hckl\� bgnhjfZpbc�

jZaebqby�ijb�khojZg_gbb�qbkeZ�kemqZcguo�h[t_dlh\� 1N ��kj_^g_]h�agZ�

q_gby� ( )
1 1

m

N i i i
i

T T D G= ∑E �b�nbdkbjh\Zgghf�qbke_� 2N .�Kh]eZkgh�\ZjbZ�
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pbhgghfm�ijbgpbim�gZoh^bf� wdklj_fmfu�khhl\_lkl\mxsbo�nmgdpbhgZ�

eh\��ba�dhlhjuo�\ul_dZxl�jZ\_gkl\Z� 

 1 22 iT
i iD Dτ +α= ,  (2.7.32) 

 1 2

1 2

2
1 1

iTi i

i i

D D

D D
τ +α=

+ +
,  (2.7.33) 

 1 2

1 2

2
1 1

iTi i

i i

D D

D D
τ +α=

− −
,  (2.7.34) 

 ( )1 2

1

ln 2i i
i

D D
T

= −
τ + α

  (2.7.35) 

^ey� hij_^_e_gby� jZkij_^_e_gbc� 1iD �� Ih^klZ\eyy� wlb� jZkij_^_e_gby� 

\�d\Zglh\u_�bgnhjfZpbb�jZaebqby��ihemqbf�wdklj_fZevgh_�agZq_gb_ 

 ( ) ( )
1 11 2 1:N NI D D T N= τ + α + τΩE ,  (2.7.36) 

]^_� \_ebqbgZ� 0Ω = � ^ey� d\ZabdeZkkbq_kdhc� b� deZkkbq_kdhc� klZlbklbd��

FZdk\_eeZ–;hevpfZgZ��>ey�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ�

bf__f��khhl\_lkl\_ggh��\ujZ`_gby 

 1
2

2

log
2 i

m
i

iT
i i

D
G

D τ +α

 
τΩ =    

∑ ,  (2.7.37) 

 1
2

2

log
2 i

m
i

iT
i i

D
G

D τ +α

 
τΩ = −    

∑ .  (2.7.38) 

Wdklj_fmf� bgnhjfZpbc� jZaebqby� jZaebqguo� klZlbklbd� khhl\_lkl�

\m_l�bo�fbgbfmfm��qlh�e_]dh�^hdZau\Z_lky� 
<� aZdexq_gb_� kjZ\gbf� j_amevlZlu� jZaebqguo� klZlbklbd�� LZd� gZ�

jbk�����ij_^klZ\e_gu�aZ\bkbfhklb�d\Zglh\hc�wgljhibb� ( )H p ��bgnhjfZ�

pbb�jZaebqby� ( ):I p u �b�f_ju�g_lhqghklb� ( ):H p u �hl�jZkij_^_e_gby�^ey�

klZlbklbdb�;ha_–Wcgrl_cgZ�ijb�agZq_gbyo� 1 2 2N N N= = = , 1 2 1G G= = , 

2m= , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Ijb� �\uqbke_gbb� � wgljhibb�;ha_–Wcgrl_cgZ�b�f_ju� �g_lhqgh�
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klb�\�\ujZ`_gbyo���������b����������mlhqgy_f�agZq_gb_�ihklhygghc�lZdbf�

h[jZahf��qlh[u� ( ) ( )0,1 1,0 0H H= = ��<�blh]_�bf__f�\ujZ`_gby 

 
( ) ( ) ( )

( ) ( )
2 2

2

1
log 1 log 1

1 log 1
,

m

i i i i
i

H p p p Np Np
N

N N

N

 = − − + + −  
+ +

−

∑
  

(2.7.39) 

 
( ) ( ) ( )

( ) ( )
2 2

2

1
: log 1 log 1

1 log 1
,

m

i i i i
i

H p u p u Np Nu
N

N N

N

 = − − + + −  
+ +

−

∑
  

(2.7.40) 

 ( ) ( ) ( )
( )2 2

11
: log 1 log

1

m
ii

i i
i i i

Npp
I p u p Np

u N Nu

 +
= − − + 

+  
∑ .  (2.7.41) 

 
   

Z [ 

Jbk����� AZ\bkbfhklb d\Zglh\uo nmgdpbhgZeh\ hl jZkij_^_e_gby�  
1 – wgljhiby H( p);  2 – bgnhjfZpby jZaebqby I( p:u); 

3 –f_jZ g_lhqghklb H( p:u�� rljboh\Zy ebgby – wgljhiby  
klZlbklbdb FZdk\_eeZ–;hevpfZgZ 

 
D\Zglh\Zy�wgljhiby�^ey�klZlbklbdb�FZdk\_eeZ–;hevpfZgZ�jZ\gy_l�

ky�wgljhibb�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑  (2.7.42) 
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b�bah[jZ`_gZ�gZ�jbk�����rljboh\hc�ebgb_c��DZd�\b^gh��mq_l�qbklh�d\Zg�

lh\uo�wnn_dlh\�ijb\h^bl�d�mf_gvr_gbx�fZdkbfZevgh]h�agZq_gby�wgljh�

ibb��qlh�gZjmrZ_l�mkeh\b_�ghjfbjh\Zgghklb�wgljhibb� 

�����IZjZklZlbklbdZ�� 
F_lh^�d\Zglh\uo�khklhygbc�;ha_ 

JZkkfhljbf�klZlbklbdm�h[t_dlh\��\�dhlhjhc�qbkeh�\hafh`guo�fZd�

jhkhklhygbc� \ul_dZ_l� ba� mkeh\by�� qlh� \� dZ`^hf� khklhygbb� fh`_l�

gZoh^blvky�g_�[he__� r �h[t_dlh\��Wlhl�kemqZc� lZd�gZau\Z_fhc�iZjZklZ�
lbklbdb� khhl\_lkl\m_l� klZlbklbdZf�N_jfb–>bjZdZ� b� ;ha_–Wcgrl_cgZ�

ijb� 1r = �b� r = ∞ . 
Bkihevam_f� f_lh^� d\Zglh\uo� khklhygbc� ;ha_�� ijbf_g_gguc� bf�

\i_j\u_� ^ey� bkke_^h\Zgby� klZlbklbdb� nhlhgh\� >��@�� Imklv�

{ }1, , mN N N= !  –�kh\hdmighklv�h[t_dlh\�b� { }1, , mG G G= ! �_klv�khklhy�

gby��<\_^_f�gh\u_�khklhygby� ikG  ( 0, 1, ,k r= ! ���hagZqZxsb_��qlh�\� i  

khklhygbb�gZoh^blky� r �h[t_dlh\��Ke_^h\Zl_evgh��kijZ\_^eb\u�jZ\_gkl\Z 

 
r

i ik
k

G G= ∑ ,    (2.8.1) 

 
r

i ik
k

N kG= ∑ .    (2.8.2) 

F_lh^� ;ha_� khklhbl� \� lhf�� qlh� bkke_^m_lky� klZlbklbdZ� khklhygby�

ikG ��Ba� l_hjbb� kh_^bg_gbc� gZoh^bf� qbkeh� \hafh`guo�fZdjhkhklhygbc�

^ey�kh\hdmighklb�h[t_dlh\>��@ 

 
!

!ik

m r m r
i

N G
i k i k ik

G

G
∆Γ = ∆Γ =∏∏ ∏∏ .    (2.8.3) 

Bkihevam_f�f_jm�bgnhjfZpbb�;hevpfZgZ–OZjleb 

 2 2

!
log log

!

m r
i

N N
i k ik

G
H

G
= ∆Γ = ∏∏     (2.8.4) 

b�nhjfmem�Klbjebg]Z� ( )! ikG

ik ikG G e≈ ��Lh]^Z�ihemqbf�ke_^mxsbc�nmgd�

pbhgZe� 
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 2 2log log
m r

N ik ik i i
i k

H G G G G
 = − −  

∑ ∑ ,  (2.8.5) 

dhlhjuc�aZibku\Z_lky�\�wd\b\Ze_glghc�nhjfme_�lZd� 

 2 2log log
m r m r

ik ik ik
N ik i

i k i ki i i

G G G
H G G

G G G

 
= − = −    

∑∑ ∑∑ .  (2.8.6) 

>ey� gZoh`^_gby� bgnhjfZpbb� jZaebqby� \hkihevam_fky� hkgh\guf�

khhlghr_gb_f����������aZibkZgguf�\�ke_^mxs_f�\b^_ 

 ( )
1

1
12 2

2

!

!
log

!

!

m r
i

i k ik
m rN

i

i k ik

G

G
I

G

G

=
∏∏

∏∏ ( )

2
2

2

!

!
log

!

!

m r
i

i k ik
m r

i

i k ik ik

G

G

G

G K

+

−

∏∏

∏∏
.  (2.8.7) 

A^_kv� qbkeZ� 1 2ik ik ikK G G= − � oZjZdl_jbamxl� mq_l� jZaebqby� f_`^m�

^\mfy� kh\hdmighklyfb� khklhygbc�� ^ey� dhlhjuo�bf__f� ke_^mxsb_� khhl�

ghr_gby 

 1 1

r

i ik
k

N kG= ∑ , 2 2

r

i ik
k

N kG= ∑ ,  (2.8.8) 

 1 2

r r

i ik ik
k k

G G G= =∑ ∑ , 1 1

m

i
i

N N= ∑ , 2 2

m

i
i

N N= ∑ .  (2.8.9) 

Bkihevam_f�nhjfmem�Klbjebg]Z�b�ijb[eb`_ggh_�khhlghr_gb_ 

 ( )
2

2
2 1

!

!
ikKik

ik
ik ik

G
G

G C
≈

−
  (2.8.10) 

ijb� 2ik ikK G<< �b�ihemqbf�ba���������d\Zglh\mx�bgnhjfZpbx�jZaebqby 

 ( )
1

1 1 1
12 1 2 2

2 2

log log
m r m r

ik ik ik i
ik iN

i k i kik i ik i

G G G G
I G G

G G G G

 
= =    

∑∑ ∑∑   (2.8.11) 

^ey�d\Zglh\uo�khklhygbc�;ha_� 
JZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� nmgdpbhgZeh\� �������� b�

���������� KgZqZeZ� gZoh^bf� wdklj_fmf� wgljhibb� �������� ijb� \uiheg_gbb�

^hihegbl_evguo� mkeh\bc� h� khojZg_gbb� g_ghjfbjh\Zggh]h� kj_^g_]h� b�

qbkeZ�h[t_dlh\� 
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 ( )
m m r

N i i i ik
i i k

T T N kT G= =∑ ∑∑E ,  (2.8.12) 

 
m m r

i ik
i i k

N N kG= =∑ ∑∑ .  (2.8.13) 

Wlh� khhl\_lkl\m_l� aZ^Zq_� hij_^_e_gby�gZb[he__� \_jhylgh]h� jZkij_^_e_�

gby� iN �ih�khklhygbyf� iG .  

IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx�nmgdpbhgZeZ� 

 2log
m r m r m r

ik
ik i ik ik

i k i k i ki

G
L G kT G kG

G
= − + τ + α∑∑ ∑∑ ∑∑   (2.8.14) 

ih�i_j_f_gguf� ikG  

 2log 0
m r

ik ik i
i k

L G G kT k δ = − δ − τ − α = ∑∑ ,  (2.8.15) 

ihemqbf�qbkeh�khklhygbc 

 ( )2 ik T
ikG τ +α= .  (2.8.16) 

Ih^klZgh\dZ�^Zggh]h�qbkeZ�\�nhjfmeu���������b���������^Z_l�\ujZ`_�

gby 

 ( )2 i
r

k T
i

k
G τ +α= ∑ ,  (2.8.17) 

 ( )2 i
r k T

i
k

N k τ +α= ∑ .  (2.8.18) 

Bkihevamy����������b�����������ihemqbf�bkdhfh_�jZkij_^_e_gb_ 

 

( )

( )

2

2

i

i

r k T

i k
i r k Ti

k

k
N

D
G

τ +α

τ +α
= =

∑

∑
.  (2.8.19) 

Wdklj_fZevgh_�agZq_gb_�d\Zglh\hc�wgljhibb���������b�__�^bnn_j_g�

pbZe�bf_xl�ke_^mxsbc�\b^ 

 ( )N NH T N= −τ − α + τΩE ,  (2.8.20) 
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 ( )N NdH d T dN= −τ − αE ,  (2.8.21) 

]^_�\\h^blky�\_ebqbgZ 

 ( ) ( )
2 2log 2 log 2i i

m r r m rk T k T
ik i

i k k i k
G Gτ +α τ +α τΩ = =   

∑∑ ∑ ∑ ∑ ,  (2.8.22) 

dhlhjZy�bf__l�k\hckl\Z 

 ( )
( )

( )

2

2

i

i

m r k T
i im

i k
N i i i r k Ti

k

kT G
T T D G

τ +α

τ +α

∂τΩ= = =
∂τ

∑∑
∑

∑
E ,  (2.8.23) 

 

( )

( )

2

2

i

i

m r k T
im

i k
i i r k Ti

k

k G
N D G

τ +α

τ +α

∂τΩ= = =
∂α

∑∑
∑

∑
.  (2.8.24) 

Ijb� 1r = �b� r = ∞ �ba����������\ul_dZxl��khhl\_lkl\_ggh��jZkij_^_e_�

gby�^ey�d\Zglh\uo�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ 

 
1

2 1ii T
D −τ −α=

+
,  (2.8.25) 

 
1

2 1ii T
D −τ −α=

−
.  (2.8.26) 

>ey�ijhba\hevgh]h�agZq_gby� r �bf__f�jZkij_^_e_gb_�^ey�iZjZklZlb�
klbdb�>��@ 

 ( )( )1

1 1

2 1 2 1i i
i T r T

r
D −τ −α + −τ −α

+= −
− −

,  (2.8.27) 

]^_�bkihevah\ZeZkv�nhjfmeZ�^ey�dhg_qghc�kmffu 

 
1

0

1

1

rr
k

k

x
x

x

+

=

−=
−

∑ .  (2.8.28) 

>Ze__� jZkkfhljbf�gh\uc� kemqZc�iZjZklZlbklbdb��^ey� dhlhjh]h�

\�dZ`^hf�khklhygbb�fh`_l�gZoh^blvky�g_�f_g__� s �b�g_�[he__� r �h[t�

_dlh\��Lh]^Z�kmffZ�
0

r

k=
∑ �aZf_gy_lky�gZ�kmffm�

r

k s=
∑ �b��ijh\h^y�\uqbk�
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e_gby��ihemqbf�jZkij_^_e_gb_ 

 

( )

( )

( )( ) ( )1

2

2

1 1

2 1 2 2

i

i

i i i

r
k T

i k s
i r

k Ti

k s

T r T s T

k
N

D
G

r s

τ +α

=

τ +α

=

−τ −α + −τ −α −τ −α

= = =

− += −
− −

∑

∑   

(2.8.29)

 

b�\ujZ`_gb_� 

 

( )

( )( ) ( )
( )

2

1

2

log 2

2 2
log .

2 1

i

i i

i

m r k T
i

i k s

r T s Tm

iT
i

G

G

τ +α

=

+ τ +α τ +α

τ +α

 τΩ = =  
 −=  
 − 

∑ ∑

∑
  

(2.8.30)
 

Ijb� 0s = � ba� ��������� b� ��������� \ul_dZxl�nhjfmeu� ljZ^bpbhgghc�

iZjZklZlbklbdb����������b�����������?keb� 1s r= − ��lh�bf__f�jZkij_^_e_gb_ 

 ( )( ) ( )( )1 1

1 2

2 1 2 2i i i

i
i T r T r T

i

N
D

G −τ −α + −τ −α − −τ −α
= = +

− −
,   (2.8.31) 

lZd`_�aZ\bkys__�hl�h^gh]h�iZjZf_ljZ� r ��dZd�b�ijb� 0s = . 
<uibr_f�agZq_gby�qbk_e�h[t_dlh\�^ey�jZkkfZljb\Z_fuo�kemqZ_\� 
Z��klZlbklbdZ�N_jfb–>bjZdZ�� 0, 1k = ) 

 
2 1i

m
i

T
i

G
N −τ −α=

+
∑ ;   (2.8.32) 

[��klZlbklbdZ�;ha_–Wcgrl_cgZ�� 0, ,k = ∞! ) 

 
2 1i

m
i

T
i

G
N −τ −α=

−
∑ ;   (2.8.33) 

\��iZjZklZlbklbdZ�� 0, ,k r= ! ) 

 ( )( )1

1 1

2 1 2 1i i

m

iT r T
i

r
N G−τ −α + −τ −α

 += − − − 
∑ ;   (2.8.34) 

]��iZjZklZlbklbdZ�� , ,k s r= ! ) 
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 ( )( ) ( )1

1 1

2 1 2 2i i i

m

iT r T s T
i

r s
N G−τ −α + −τ −α −τ −α

 − += − − − 
∑ ;  (2.8.35) 

^��iZjZklZlbklbdZ�� 1,k r r= − ) 

 ( )( ) ( )( )1 1

1 2

2 1 2 2i i i

m

iT r T r T
i

N G−τ −α + −τ −α − −τ −α

 
= − − − 

∑ .  (2.8.36) 

GZdhg_p�gZoh^bf�wdklj_fmf�bgnhjfZpbb�jZaebqby� ���������ijb�aZ�

^Zgghklb�ke_^mxsbo�agZq_gbc� 

 ( )
1 1 1

m m r

N i i i ik
i i k

T T N kT G= =∑ ∑∑E ,  (2.8.37) 

 1 1 1

m m r

i ik
i i k

N N kG= =∑ ∑∑ .  (2.8.38) 

Bkihevamy� \ZjbZpbhgguc� f_lh^�� hdhgqZl_evgh� ihemqbf� qbkeZ� 
khklhygbc 

 ( )
1 22 ik T
ik ikG Gτ +α= ,  (2.8.39) 

 ( )
22 i

r k T
i ik

k
G Gτ +α= ∑ ,  (2.8.40) 

agZq_gby�qbk_e�h[t_dlh\� 

 ( )
1 22 i

r
k T

i ik
k

N k Gτ +α= ∑   (2.8.41) 

b�bkdhfh_�jZkij_^_e_gb_ 

 

( )

( )

2
1

1

2

2

2

i

i

r k T
ik

i k
i r k Ti

ik
k

k G
N

D
G G

τ +α

τ +α
= =

∑

∑
,  (2.8.42) 

dhlhjh_�^ey�jZaebqguo� agZq_gbc� r �[m^_l�khhl\_lkl\h\Zlv�lhc�beb�bghc�
jZkkfZljb\Z_fhc�klZlbklbd_� 

�����Ijbeh`_gby�d\Zglh\uo�f_j 

Imklv� kemqZcgufb� h[t_dlZfb� y\eyxlky� qZklbpu�� jZkkfZljb\Z_�

fu_�\�klZlbklbq_kdhc�nbabd_�>��@��Lh]^Z�\_ebqbgu� i i iD N G= �_klv�lZd�

gZau\Z_fu_� kj_^gb_� qbkeZ� aZiheg_gby� \� i -khklhygbb.� D\Zglh\u_� kh�
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klhygby� ( )2
r

i i iG dr dp
−= π G G

= �jZ\gyxlky�[_ajZaf_jguf�we_f_glZf�nZah\h]h�

ijhkljZgkl\Z�� ]^_� =  –�ihklhyggZy�IeZgdZ�� r  –�qbkeh� kl_i_g_c� k\h[h^u�
qZklbpu�� ir

G
�b� ip

G
�_klv�agZq_gby�dhhj^bgZl�b�bfimevkh\��Ijb�i_j_oh^_�d�

g_ij_ju\guf� ZgZeh]Zf� bf__f� khhl\_lkl\mxsb_� jZaf_jgu_� nbabq_kdb_�

d\Zglh\u_�wgljhibb��bgnhjfZpbb�jZaebqby��jZkoh`^_gby�b�f_ju�g_lhq�

ghklb�\�gZlZo� 
Z��klZlbklbdZ�FZdk\_eeZ–;hevpfZgZ 

 ( ) ( )lnNH D k D DdX= − ∫ ,  (2.9.1) 

 ( )0
0

: lnN

D
I D D k DdX

D

 
=    

∫ ,  (2.9.2) 

 ( ) ( )0 0
0

: lnN

D
J D D k D D dX

D

 
= −   

∫ ,  (2.9.3) 

 ( ) ( )0 0: lnNH D D k D DdX= − ∫ ,  (2.9.4) 

[��klZlbklbdZ�N_jfb–>bjZdZ 

 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − + − −  ∫ , (2.9.5) 

 ( ) ( ) ( )
( )0

0 0

1
: ln 1 ln

1N

DD
I D D k D D dX

D D

 −
= + − 

−  
∫ ,  (2.9.6) 

 ( ) ( ) ( )
( )0 0

0 0

1
: ln

1N

D D
J D D k D D dX

D D

 −
= − 

−  
∫ ,  (2.9.7) 

 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − + − −  ∫ ,  (2.9.8) 

\��klZlbklbdZ�;ha_–Wcgrl_cgZ 

 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − − + +  ∫ ,  (2.9.9) 

 ( ) ( ) ( )
( )0

0 0

1
: ln 1 ln

1N

DD
I D D k D D dX

D D

 +
= − + 

+  
∫ ,  (2.9.10) 

 ( ) ( ) ( )
( )0 0

0 0

1
: ln

1N

D D
J D D k D D dX

D D

 +
= − 

+  
∫ ,  (2.9.11) 
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 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − + − −  ∫ ,  (2.9.12) 

]��d\ZabdeZkkbq_kdZy�klZlbklbdZ 

 ( ) lnNH D k DdX= ∫ ,  (2.9.13) 

 ( )0
0

: lnN

D
I D D k dX

D
= ∫ ,  (2.9.14) 

 ( )0: 0NJ D D = , ( )0 0lnNH D k D dX= ∫ .  (2.9.15) 

A^_kv� ( )2
r

dX drdp
−= π G G

= �b� k  –�nmg^Zf_glZevgZy�ihklhyggZy�;hevp�

fZgZ��>ey�jZkij_^_e_gbc�bf__f 

 0 0, .DdX N D dX N= =∫ ∫   (2.9.16) 

>ey� \k_o� klZlbklbd� bf_xl�f_klh� ^bnn_j_gpbZevgu_� khhlghr_gby�

klZlbklbq_kdhc�nbabdb�jZ\gh\_kguo�kbkl_f 

 ( ) ( )N NdH D dE dN= β − µ   (2.9.17) 

b�g_jZ\gh\_kguo�hldjuluo�kbkl_f�\�hdjm`_gbb� 

 ( ) ( )0 0 0 0:N NdI D D dH D dE dN= − + β − β µ ,  (2.9.18) 

]^_� 0β �b� 0µ �_klv�h[jZlgZy�l_fi_jZlmjZ�b�obfbq_kdbc�ihl_gpbZe�hdjm`_�

gby� 
JZ\gh\_kgu_� jZkij_^_e_gby�� fZdkbfbabjmxsb_� wgljhibx�� bf_xl�

khhl\_lkl\_ggh�^ey�jZaebqguo�klZlbklbd�ke_^mxsbc�\b^� 

 ( ){ }1expD k H−= − β −µ ,  (2.9.19) 

 
( ){ }1

1

exp 1
D

k H−
=

β − µ +
,  (2.9.20) 

 
( ){ }1

1

exp 1
D

k H−
=

β − µ −
,  (2.9.21) 

 
( )1

1
D

k H−=
β − µ

,  (2.9.22) 

]^_� 1 Tβ =  –� h[jZlgZy� l_fi_jZlmjZ�� ( )H H X= � _klv� wg_j]by� qZklbpu��

( )N NE H= E  –�ihegZy�wg_j]by�kbkl_fu�qZklbp��µ  –�obfbq_kdbc�ihl_gpbZe� 
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JZkkfhljbf�g_dhlhju_�ijhkl_crb_�nbabq_kdb_�ijbf_ju� 
���B^_Zevguc� ]Za��Ij_g_[j_]Z_f� \aZbfh^_ckl\b_f� qZklbp� \� ]Za_��

qlh� ijb\h^bl� d� hij_^_e_gbx� nmgdpbb� =ZfbevlhgZ� ( ) 2 2H p p m= G
� ^ey�

qZklbpu� k� fZkkhc� m �� Bkihevamy� mkeh\b_� ���������� ^ey� jZkij_^_e_gby�

(2.9.1���ihemqbf�qbkeh�qZklbp 

 ( ) ( ) ( )
2

3 22
2 exp 2 exp 2

r rp m
N drdp V mT

kT kT
− − −µ µ = π − = π π   

  
∫

G
G G

= =   (2.9.23) 

b��hdhgqZl_evgh��jZkij_^_e_gb_�FZdk\_eeZ 

 ( )
( )

2

3 2
, , exp

22
x y z

N p
D p p p

mkTV mkT

 
= − 

π  

G

,  (2.9.24) 

k�ghjfbjh\dhc 

 ( ), ,x y z x y z

N
D p p p dp dp dp

V
=∫ .  (2.9.25) 

���Nhlhgguc�]Za��We_dljhfZ]gblgh_�baemq_gb_�ij_^klZ\ey_l�kh[hc�

b^_Zevguc�nhlhgguc�]Za��\�dhlhjhf�nhlhgu�g_�\aZbfh^_ckl\mxl�f_`^m�

kh[hc�� b� obfbq_kdbc� ihl_gpbZe� m^h\e_l\hjy_l� mkeh\bx� 0µ = ��Wg_j]by�

nhlhgZ�_klv� H cp= = ω= ��]^_� ω  –�kh[kl\_ggZy�qZklhlZ�baemq_gby�\�^Zg�

ghf�h[t_f_�V ��Lh]^Z��kh]eZkgh����������b�����������bf__f�qbkeh�nhlhgh\� 

 
2

2 3 1kT

V d
N

c e ω
ω ω=

π −∫ =
  (2.9.26) 

b�ihegmx�wg_j]bx�nhlhggh]h�]ZaZ 

 ( )NE d= ρ ω ω∫ ,  (2.9.27) 

]^_� ( )ρ ω �hij_^_ey_lky�ih�nhjfme_�IeZgdZ�^ey�ki_dljZevgh]h�jZkij_^_�

e_gby�wg_j]bb 

 ( ) ( )
2

2 3 1kT

V

c e ω

ωρ ω =
π −=

=
.  (2.9.28) 

���Mihjy^hq_gghklv �nhlhggh]h�]ZaZ��Ijhba\_^_f�hp_gdm�mihjy^h�

q_gghklb� khklhygby� we_dljhfZ]gblgh]h� baemq_gby� k� jZkij_^_e_gb_f� D  
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hlghkbl_evgh� 0D � >��@��HldjulZy�kbkl_fZ�b�hdjm`_gb_�ij_^klZ\eyxl�kh�

[hc�bkoh^gh_�b�\g_rg__�ihey�baemq_gbc�k�qZklhlhc� ω �b�l_fi_jZlmjZfb�

T �b� 0T �khhl\_lkl\_ggh��Lh]^Z�i_j_oh^�f_`^m�khklhygbyfb�hibku\Z_lky�

jZkij_^_e_gbyfb�IeZgdZ 

 
1

exp 1D
kT

− ω  = −    
=

, 

1

0
0

exp 1D
kT

−
  ω = −      

=
,  (2.9.29) 

 
2 2

0 02 3 2 3
,

V V
D d N D d N

c c

ω ωω = ω =
π π∫ ∫ .  (2.9.30) 

Kh]eZkgh����������aZibr_f�bgnhjfZpbx�jZaebqby�^ey�;ha_-]ZaZ 

 

( ) ( ) ( )
( )

( ) ( )

2

0 2 3
0 0

0 0
0

1
: ln 1 ln

1

1
.

N

DD V
I D D k D D d

D cD

H H E E
T

 + ω= − + ω = 
π+  

= − − + −

∫
 

 (2.9.31)
 

AgZq_gby� wgljhibb�b� wg_j]bb�bkoh^gh]h� q_jgh]h�baemq_gby� \� qZk�

lbqghf�jZ\gh\_kbb�gZoh^ylky�ih�nhjfmeZf� 

 ( ) ( ) ( )
2

1
2 3

4
ln 1 ln 1

3

V
H H D k D D D D d ET

c
−ω= = − − + + ω =   π∫ ,  (2.9.32) 

 ( )
2

4
2 3

V
E h D d T V

c

ω= ω ω = σ
π∫ ,  (2.9.33) 

]^_�σ  –�ihklhyggZy�Kl_nZgZ�� 
<� kemqZ_� ihegh]h� jZ\gh\_kby� \� ���������nmgdpby� D � aZf_gy_lky� gZ�

0D �b�lh]^Z�bf__f� 

 1
0 0 0

4

3
H E T−= ,   4

0 0E T V= σ .  (2.9.34) 

Ih^klZ\bf�\ujZ`_gby����������–����������\����������b�ihemqbf� 

 4 30

0

4 1

3 3

E
I

T
 = ξ − ξ +  

, 
0

T

T

 
ξ =   

.  (2.9.35) 

Ijb� 1ξ = �bf__f�fbgbfZevgmx�\_ebqbgm�nbabq_kdhc� �bgnhjfZpbb�
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jZaebqby� 0I = ��<�h[eZklyo� 0 1< ξ < �b�1< ξ < ∞ �mihjy^hq_gghklv�bkoh^�

gh]h�q_jgh]h�baemq_gby�l_f�\ur_��q_f�gb`_�\_ebqbgZ� ξ �\�i_j\hc�h[eZk�

lb�b��khhl\_lkl\_ggh��\ur_�\h�\lhjhc�hlghkbl_evgh�agZq_gby� 1ξ = ��Ijb�

[eb`_gb_� \_ebqbgu� ξ � d� agZq_gbx� 1ξ = � \� h[_bo� h[eZklyo� ijb\h^bl� d�

mf_gvr_gbx�mihjy^hq_gghklb�� 
LZdbf�h[jZahf��ijb\_^_ggu_�j_amevlZlu�iha\heyxl�gZclb�mkeh\by�

^ey� ih^^_j`Zgby� \ukhdh]h� mjh\gy� mihjy^hq_gghklb� hldjulhc� kbkl_fu��

gZoh^ys_cky�\�ihe_�baemq_gby�k�l_fi_jZlmjhc� 0T �b�baemqZxs_c�k�l_fi_�

jZlmjhc�T ��Nbdkbjm_f�l_fi_jZlmjm� 0T �b�ihemqZ_f�\Z`guc�\u\h^��<�h[�

eZklb� 0 1< ξ < � baemq_gb_� kbkl_fu� ^he`gh� [ulv� ^ebggh\hegh\uf�

( )1ξ << ��Z�\�h[eZklb�1< ξ < ∞  –�dhjhldh\hegh\uf� ( )1ξ >> ��Ijb�wlhf�bg�

nhjfZpby�jZaebqby� � ���������bf__l��khhl\_lkl\_ggh�mdZaZgguf�h[eZklyf��

ke_^mxsb_�Zkbfilhlbq_kdb_�agZq_gby� 

 1
0 0

1

3
I E T −=  ( )0 1< ξ < ,  (2.9.36) 

 1
0I ET −=  ( )1< ξ < ∞ .  (2.9.37) 

DZd�\b^gh�ba�Zkbfilhlbd��\ukhdbc�mjh\_gv�mihjy^hq_gghklb�kms_�

kl\_ggh� aZ\bkbl� hl� l_fi_jZlmju� hdjm`_gby� 0T .� Hg� gZqbgZ_l� iZ^Zlv 

�\��i_j\hc�h[eZklb���ijb� 00 T T< < ���b�\hajZklZlv�\h�\lhjhc�k�mf_gvr_gb�

_f� 0T ��M\_ebq_gb_�`_� l_fi_jZlmju� 0T � ijb\h^bl� d� h[jZlguf� y\e_gbyf� 

\�wlbo�h[eZklyo� 
���Nhghgguc� ©]Zaª��Khklhygb_� l\_j^h]h� l_eZ� hij_^_ey_lky� d\Zab�

deZkkbq_kdbf� jZkij_^_e_gb_f� nhghgh\� ih� d\Zglh\uf� khklhygbyf 

�k� 0µ = �� Wg_j]by� nhghgZ� _klv� ( )H k= ω
G

= �� ]^_� k
G

 –� \hegh\hc� \_dlhj�� 

Z� ( ) ( )3
2x y zdX dk dk dk dV= π ��>ey�wg_j]bb�l_ieh\uo�dhe_[Zgbc�\�h[t_f_�

ijhkljZgkl\Z� dV �bf__f�jZ\_gkl\h� ( ),U r kβ =
GG
��Qbkeh�nhghgh\��kh]eZkgh�

d\ZabdeZkkbq_kdhc�klZlbklbd_��jZ\gy_lky�>��@ 

 
( )

( ) ( )3

,

2

U r k dkdr
N

k
=

ω π
∫

GG G G

G
=

.  (2.9.38) 

IhegZy�wg_j]by�b�wgljhiby�l\_j^h]h�l_eZ�^Zxlky�ke_^mxsbfb�\u�

jZ`_gbyfb�� 
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 ( )
( )3

,
2

N

dkdr
E U r k=

π
∫

G GGG
,  (2.9.39) 

 
( )

( ) ( )3

,
ln

2
N

U r k dkdr
H k

k

 
 =
 ω π 

∫

GG G G

G
=

.  (2.9.40) 

2.10��IZjZf_ljbah\Zggu_�d\Zglh\u_�f_ju 

JZkkfhljbf�iZjZf_ljbah\Zggu_�f_ju�\�bamqZ_fuo�klZlbklbdZo��>ey�

q_]h�\\_^_f�iZjZf_lj� ε ��jZg__�ij_^klZ\e_gguc�\�jZ[hlZo�>������@��b�i_j_�
ibr_f�jZ\_gkl\Z����������–����������\�\b^_� 

 1 0 2

1 0 21 1 1
i i i

i i i

D D D

D D D
=

± ε ± ε ± ε
,  (2.10.1) 

]^_�jZkij_^_e_gb_ 

 0

1

2 ii T
D −τ −α=

εB
  (2.10.2) 

b� iZjZf_lj� 0ε = � ^ey� klZlbklbdb� FZdk\_eeZ–;hevpfZgZ�� AgZd� iexk�

�fbgmk�� ijb� 1ε = � khhl\_lkl\m_l� klZlbklbd_� N_jfb–>bjZdZ� �;ha_–
Wcgrl_cgZ���<�h[s_f�kemqZ_�iZjZf_lj� ε �f_gy_lky�\�^himklbfuo�ij_�
^_eZo�� 

JZkij_^_e_gb_� ���������fZdkbfbabjm_l� iZjZf_ljbah\Zggmx� d\Zglh�

\mx�wgljhibx� 

 

( ) ( ) ( )

( )

2 2

2 2

1
log 1 log 1

1
log log 1

1

m

N i i i i i
i

m
i

i i i
i i

H D D D D D G

D
D D G

D

 = − ± ε ± ε = ε 
 

= − ± ε ± ε ε  

∑

∑

B

B

 

 (2.10.3)

 

b�ijhy\ey_lky�\�jZ\_gkl\_����������ijb�fbgbfbaZpbb�h[h[s_gghc�d\Zglh�

\hc�bgnhjfZpbb�jZaebqby� 
<uibr_f� iZjZf_ljbah\Zggmx� d\Zglh\mx� bgnhjfZpbx� jZaebqby��

jZkoh`^_gb_�b�f_jm�g_lhqghklb� 
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( ) ( )

( )
( )

( ) ( ) ( )

( ) ( )

1

1 2

1 1

1 1
1 2 1 2 1 2

2 2

1 1 1
1 2 2

22 2

2
1 2 1 2 2

2

1 1 2

11
: log 1 log

1

1 11
log log

11

log
1

: ,

m
i i

N i i i
i i i

m
i i i

i i
i ii i

m
i

N N i i i
i i

N N

D D
I D D D D G

D D

D D D
D G

DD D

D
H D H D D D G

D

H D H D D

 ± ε
= ± ε = ε ± ε  

 ± ε ± ε
= = 

ε ± ε± ε  
  = − − − − =    ± ε 

 = − − 

∑

∑

∑

B

B

  

(2.10.4)

 

 ( ) ( ) ( )
( )1

1 1
1 2 1 2 2

2 2

1
: log

1

m
i i

N i i i
i i i

D D
J D D D D G

D D

 ± ε
= − 

± ε  
∑ , (2.10.5) 

 ( ) ( ) ( )
1 1 2 1 2 2 1 2 2

1
: log 1 log 1

m

N i i i i i
i

H D D D D D D G = − ± ε ± ε = ε 
∑ B  

 ( )2
1 2 2 2

2

1
log log 1

1

m
i

i i i
i i

D
D D G

D

 
= − ± ε ± ε ε  

∑ B . (2.10.6) 

I_j_oh^bf� \� ���������–� ��������� d� jZkij_^_e_gbyf� \_jhylghkl_c�
,p u �b�aZibr_f�nmgdpbhgZeu� 

 

( ) ( ) ( )

( )

2 2

2 2

1
log 1 log 1

1
log log 1 ,

1

m

i i i i i
i

m
i

i i i
i i

H p p p p p G

p
p p G

p

ε
 = − ± ε ± ε = ε 

 
= − ± ε ± ε ε  

∑

∑

B

B

 
   (2.10.7)

 

 

( ) ( )

( )
( )

( ) ( ) ( )

( ) ( )

2 2

2 2

2

11
: log 1 log

1

1 11
log log

11

log
1

: ,

m
i i

i i i
i i i

m
i i i

i i
i ii i

m
i

i i i
i i

p p
I p u p p G

u u

p p p
p G

uu u

u
H p H u p u G

u

H p H p u

ε

ε ε

ε ε

 ± ε
= ± ε = ε ± ε  

 ± ε ± ε
= = 

ε ± ε± ε  
 

 = − − − − =    ± ε 
 = − − 

∑

∑

∑

B

B
 

   (2.10.8)
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 ( ) ( ) ( )
( )2

1
: log

1

m
i i

i i i
i i i

p p
J p u p u G

u uε

 ± ε
= − 

± ε  
∑ , (2.10.9) 

 ( ) ( ) ( )2 2

1
: log 1 log 1

m

i i i i i
i

H p u p u p u Gε
 = − ± ε ± ε = ε 

∑ B   

 ( )2 2

1
log log 1

1

m
i

i i i
i i

u
p u G

u

 
= − ± ε ± ε ε  

∑ B , (2.10.10) 

dhlhju_�\uqbkeyxlky�\�jZkkfZljb\Z_fuo�klZlbklbdZo�k�lhqghklvx�^h�ih�

klhygghc�� Ijb� 0, 1, 1Nε = − + � bf__f� jZg__� ijb\_^_ggu_� \ujZ`_gby�

wgljhibc��bgnhjfZpbc�jZaebqby��jZkoh`^_gbc�b�f_j�g_lhqghklb�^ey�jZa�

ebqguo� klZlbklbd�� <� nmgdpbhgZeZo� ��������
 – 

���������� iheZ]Z_lky�� qlh�

qbkeh� h[t_dlh\� jZ\gy_lky� ihklhygghfm� agZq_gbx� N � b�� khhl\_lkl\_ggh��

i_j_oh^�hkms_kl\ey_lky�f_`^m�khklhygbyfb�k�jZkij_^_e_gbyfb��ghjfb�

jh\Zggufb�gZ�_^bgbpm 

             1, 1
m m

i i i i
i i

p G u G= =∑ ∑ .  (2.10.11) 

Ijbf_f� h^bgZdh\u_� agZq_gby� \_kh\ 1iG = � b�� mlhqgyy� ihklhyggmx�� ba�

(2.10.7) –�����������ihemqbf�iZjZf_ljbah\Zggu_�f_ju 

 
( ) ( ) ( )

( ) ( )
2 2

2

1
log 1 log 1

1 log 1
,

m

i i i i
i

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑ B B

B

    

(2.10.12)

 

 ( ) ( )2 2

11
: log 1 log

1

m
i i

i i
i i i

p p
I p u p p

u uε

 ± ε
= ± ε ε ± ε  

∑ B ,        (2.10.13) 

 ( ) ( ) ( )
( )2

1
: log

1

m
i i

i i
i i i

p p
J p u p u

u uε

 ± ε
= − 

± ε  
∑ ,              (2.10.14) 
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( ) ( ) ( )

( ) ( )
2 2

2

1
: log 1 log 1

1 log 1
.

m

i i i i
i

H p u p u p uε
 = − − + ε + ε ε 

± ε ± ε
ε

∑ B

B

 
 (2.10.15)

 

A^_kv�ijb� agZd_�iexk� �fbgmk��iZjZf_lj�f_gy_lky�\�ij_^_eZo� 0ε >  

( )0 1< ε < �� ?keb� 2m= �� lh� bf__f� ( ) ( )0,1 1,0 0H Hε ε= = �� Ijb� 0ε = � ba�

(2.10.12)–����������\ul_dZxl�ba\_klgu_�nmgdpbhgZeu�klZlbklbq_kdhc�fh�
^_eb�R_gghgZ–<bg_jZ 

 ( ) ( ) ( )20
lim log

m

i i
i

H p H p p pεε→
= = −∑ ,  (2.10.16) 

 ( ) ( ) 20
: lim : log

m
i

i
i i

p
I p u I p u p

uεε→

 
= =    

∑ ,  (2.10.17) 

 ( ) ( ) ( )20
: lim : log

m
i

i i
i i

p
J p u J p u p u

uεε→

 
= = −   

∑ ,  (2.10.18) 

 ( ) ( ) ( )20
: lim : log

m

i i
i

H p u H p u u pεε→
= = −∑ .  (2.10.19) 

Imklv�khklhygb_�kemqZcgh]h�h[t_dlZ�hibku\Z_lky�kh\f_klguf�jZk�

ij_^_e_gb_f� \_jhylghkl_c� ijp � b�� khhl\_lkl\_ggh�� iZjZf_ljbah\Zgghc�

d\Zglh\hc�wgljhib_c 

 
( ) ( ) ( )

( ) ( )
12 2 2

2

1
log 1 log 1

1 log 1
.

m n

ij ij ij ij
i j

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑∑ B B

B

  
(2.10.20)

 

Kh\f_klgh_� jZkij_^_e_gb_� \_jhylghkl_c� _klv� ij i jp p p= �� ]^_� ip � b�

jp  –� qZklgu_� jZkij_^_e_gby� \_jhylghkl_c� g_aZ\bkbfuo� h[t_dlh\�� JZk�

ij_^_e_gby�m^h\e_l\hjyxl�\_jhylghklghc�ghjfbjh\d_ 

 1, 1, 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (2.10.21) 
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QZklgu_� d\Zglh\u_� wgljhibb� ij_^klZ\eyxlky� khhl\_lkl\mxsbfb�

nmgdpbhgZeZfb� 

 
( ) ( ) ( )

( ) ( )
1 2 2

2

1
log 1 log 1

1 log 1
,

m

i i i i
i

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑ B B

B

  
(2.10.22)

 

 
( ) ( ) ( )

( ) ( )
2 2 2

2

1
log 1 log 1

1 log 1
.

n

j j j j
j

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑ B B

B

 
 (2.10.23)

 

Hq_\b^gh��qlh�wgljhiby� ����������y\ey_lky�g_Z^^blb\guf�nmgdpbh�

gZehf�b�bf__f�khhlghr_gb_ 

 ( ) ( ) ( )12 1 2H p H p H pε ε ε≠ +   (5.10.24) 

2�����JZaebqgu_�f_ju� 
\�bgnhjfZpbhgguo�kbkl_fZo 

I_j_c^_f�d�jZkkfhlj_gbx�kemqZcguo�h[t_dlh\�\�bgnhjfZpbhgguo�

kbkl_fZo��Khklhygb_� h[t_dlh\� oZjZdl_jbam_lky� ^bkdj_lguf� jZkij_^_e_�

gb_f�\_jhylghkl_c� { } ( )1, , 0m ip p p p= ≥! ��<f_klh�\_kh\� iG �\�nbabq_�

kdbo� kbkl_fZo�� gZqbgZy� k� jZ[hlu� ;_ebkZ� b� =ZcaZ� >��@�� \\h^ylky� \_kZ�

( 0)i iυ υ ≥ �� dhlhju_� aZ^Zxl� ^bkdj_lgu_� agZq_gby� lZd� gZau\Z_fhc� ih�

e_aghklb� 
Ijb\_^_f�f_ju��khhl\_lkl\mxsb_�jZaebqguf�klZlbklbdZf� 
–�>ey�klZlbklbdb�FZdk\_eeZ–;hevpfZgZ��kh]eZkgh����������bf__f�wg�

ljhibx�>��@� 

 ( ) ( )2log , 1
m m

i i i i
i i

H p p p p= − υ =∑ ∑ ,  (2.11.1) 

]^_�jZkij_^_e_gb_�\_jhylghkl_c�ghjfbjh\Zgh�gZ�_^bgbpm�[_a�\_kh\� iυ ��Ijb�

1iυ = �ba����������ke_^m_l�ljZ^bpbhggZy�f_jZ�bgnhjfZpbb�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑ ,  (2.11.2) 

Z�ijb� iυ = υ �wlZ�f_jZ�mfgh`Z_lky�gZ�dhwnnbpb_gl� υ ��<�qZklghklb��_keb�
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0υ = ��lh�nmgdpbhgZe� ���������jZ\_g�gmex�ijb�dhg_qghf�agZq_gbb�nmgd�

pbhgZeZ����������� 
:gZeh]Zfb�d\Zglh\hc�bgnhjfZpbb�jZaebqby�b�f_ju�g_lhqghklb�y\�

eyxlky�>��������@ 

 ( ) 2: log , 1
m m

i
i i i

i ii

p
I p u p u

u

 
= υ =   

∑ ∑ ,  (2.11.3) 

 ( ) ( )2: log
m

i i i
i

H p u u p= − υ∑ ,  (2.11.4) 

dhlhju_�ijb� 1iυ = �kh\iZ^Zxl�k�f_jZfb 

 ( ) 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑ ,  (2.11.5) 

 ( ) ( )2: log
m

i i
i

H p u u p= −∑ .  (2.11.6) 

D\Zglh\u_� bgnhjfZpbhggu_�f_ju�� jZkkfZljb\Z_fu_� dZd� \a\_r_g�

gu_�kj_^gb_��ij_^klZ\eyxlky�lZd� 

 ( )
( )2log

m

i i i
i

m

i
i

p p
H p

p

υ
= −

∑

∑
,  (2.11.7) 

 ( )
2log

:

m
i

i i
i i

m

i
i

p
p

u
I p u

p

 
υ   =

∑

∑
,  (2.11.8) 

 ( )
( ) 2log

:

m
i

i i i
i i

m

i
i

p
p u

u
J p u

p

 
− υ 

 =
∑

∑
,  (2.11.9) 
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 ( )
( )2log

:

m

i i i
i

m

i
i

u p
H p u

p

υ
= −

∑

∑
.  (2.11.10) 

– >ey� d\ZabdeZkkbq_kdhc� klZlbklbdb�� kh]eZkgh� ��������� bf__f� ke_�
^mxsb_�\a\_r_ggu_�kj_^gb_�ih�\_kZf� iυ  

 ( )
( )2log

m

i i
i

m

i
i

p
H p

υ
=

υ

∑

∑
,  (2.11.11) 

 ( )
2log

:

m
i

i
i i

m

i
i

u

p
I p u

 
υ   =

υ

∑

∑
, ( ): 0J p u = .  (2.11.12) 

<�qZklghf�kemqZ_�ijb� 1iυ = �ba�����������k�lhqghklvx�^h�dhwnnbpb�

_glZ�1 m�\ul_dZ_l�wgljhiby�;_j]Z�>��@ 

 ( ) 2log
m

i
i

H p p= ∑ .  (2.11.13) 

NmgdpbhgZe������������\ayluc�k�h[jZlguf�agZdhf��_klv�wgljhiby� 

 ( )
( )2log

m

i i
i

m

i
i

p
H p

υ
= −

υ

∑

∑
,  (2.11.14) 

jZkkfhlj_ggZy�\�jZ[hl_�>��@� 
–� >ey� klZlbklbd� N_jfb–>bjZdZ� b� ;ha_–Wcgrl_cgZ�� kh]eZkgh�

(2.10.7)–�����������bf__f�iZjZf_ljbah\Zggu_�d\Zglh\u_�bgnhjfZpbhggu_�
f_ju 

 ( ) ( ) ( )2 2

1
log 1 log 1

m

i i i i i
i

H p p p p pε
 = − ± ε ± ε υ ε 

∑ B ,  (2.11.15) 
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 ( ) ( )2 2

11
: log 1 log

1

m
i i

i i i
i i i

p p
I p u p p

u uε

 ± ε
= ± ε υ ε ± ε  

∑ B ,  (2.11.16) 

 ( ) ( ) ( )
( )2

1
: log

1

m
i i

i i i
i i i

p p
J p u p u

u uε

 ± ε
= − υ 

± ε  
∑ ,  (2.11.17) 

 ( ) ( ) ( )2 2

1
: log 1 log 1

m

i i i i i
i

H p u p u p uε
 = − ± ε ± ε υ ε 

∑ B .  (2.11.18) 

<�jZ[hl_�>��@�jZkkfZljb\Zxlky�wgljhibb�k� 1iυ = �b� 0ε > �\�ke_^mx�

s_f�\b^_ 

 ( ) ( ) ( )2 2

1
log 1 log 1

m

i i i i i
i

H p p p p p pε
 = − − + ε + ε + ε 

∑ ,  (2.11.19) 

 
( ) ( ) ( )

( ) ( )

2 2

2

1
log 1 log 1

1
1 log 1 ,

m

i i i i
i

H p p p p pε
 = − − + ε + ε − ε 

− + ε + ε
ε

∑
 

 (2.11.20)
 

 ( ) ( ) ( )2 22

1 1
log 1 log 1

m

i i i i
i

H p p p p pε
 = − − + ε + ε −  εε 

∑ ,  (2.11.21) 

 
( ) ( ) ( )

( ) ( )

2 22

22

1
log 1 log 1

1
1 log 1 ,

m

i i i i
i

H p p p p pε
 = − − + ε + ε − ε 

− + ε + ε
ε

∑
 

 (2.11.22)
 

dhlhju_� lZd`_� y\eyxlky� g_dhlhjufb� dhf[bgZpbyfb� ihklhygguo� \_�

ebqbg� iZjZf_ljbah\Zgghc� f_ju� ���������� b� f_ju�� ijb\_^_gghc� 
\�jZ[hl_�>��@� 

 ( ) ( ) ( ) ( )2 2

1 1
1 log 1 1 log 1

m

i i
i

H p p pε
  = − + ε + ε + + + ε  ε ε 

∑ .  (2.11.23) 


