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KL:LBKLBQ?KD:Y�FH>?EV� 
O:<J>:–Q:J<:L–>:JHRB 

Ijb\h^ylky�nmg^Zf_glZevgu_� ihgylby� b�f_lh^u� l_hjbb� bgnhjfZ�

pbb�� hkgh\Zgghc� gZ� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–>Zjhrb��

<\h^ylky�b�h[km`^Zxlky�g_eh]Zjbnfbq_kdb_�f_ju�wgljhibb�b�bgnhjfZ�

pbb�jZaebqby�^ey�g_Z^^blb\guo�kemqZcguo�h[t_dlh\�k�\a\_r_ggufb�g_�

ghjfbjh\Zggufb�kj_^gbfb� 
J_amevlZlu�jZ[hl� >�����������@�b�fhgh]jZnby�>��@�aZeh`beb�hkgh\u�

klZlbklbq_kdhc�fh^_eb�h[h[s_gghc�l_hjbb�bgnhjfZpbb�k�g_Z^^blb\gu�

fb�f_jZfb��aZ\bkysbfb�hl�g_dhlhjh]h�iZjZf_ljZ� q ��Bf_ggh�wlhc�fh^_eb�

ihk\ys_gh�[hevrh_�dhebq_kl\h�jZ[hl��kj_^b�dhlhjuo�hlf_lbf�fhgh]jZ�

nbb�>���������������������������@�b�h[ahju�>��������@� 

�����<a\_r_ggu_�g_ghjfbjh\Zggu_�kj_^gb_� 
b�ihemghjfu� 

JZkkfhljbf� \_jhylghklgh-klZlbklbq_kdh_� hibkZgb_� kemqZcgh]h�

h[t_dlZ�k�mkj_^g_gb_f��hlebqguf�hl�jZkkfhlj_gguo�\�ij_^u^msbo�]eZ�

\Zo� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby� 
Hij_^_e_gb_� ��� <a\_r_ggh_� g_ghjfbjh\Zggh_� kj_^g__� OZ\j^Z–

QZj\Zl�dZ`^hc�kemqZcghc�\_ebqbgu� { }1, , mT T T= ! �\�khklhygbb�k�jZkij_�

^_e_gb_f� { }1, , mp p p= ! �jZ\gh 

 ( )
m m

q
q i i i

i i
T T p p= ∑ ∑E ,   0 1

m

i
i

p< ≤∑ ,  (4.1.1) 

]^_� m  –� qbkeh� \hafh`guo� khklhygbc� h[t_dlZ�� q∈R � b� baf_gy_lky 

\�^himklbfuo�ij_^_eZo� 
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?keb�\_kZ� ip �m^h\e_l\hjyxl�mkeh\bx�\_jhylghklghc�ghjfbjh\db 

 1
m

i
i

p =∑ ,  (4.1.2) 

lh�\ujZ`_gb_���������ijbf_l�ke_^mxsbc�\b^ 

 ( )
m

q
q i i

i
T T p= ∑E .  (4.1.3) 

Ijb� 1ip = �ba���������bf__f�h[uqgh_�kj_^g__�Zjbnf_lbq_kdh_ 

 ( ) 1 m

q i
i

T T
m

= ∑E .  (4.1.4) 

Ba�hij_^_e_gby���\ul_dZxl�hkgh\gu_�k\hckl\Z� 

���H^ghjh^ghklv��Ijb�aZf_g_� p �gZ� ap ( )0a > �\a\_r_ggh_�kj_^g__�

y\ey_lky� h^ghjh^guf�nmgdpbhgZehf� kl_i_gb� 1q − � hlghkbl_evgh� p �� lh�

_klv�\uihegy_lky�k\hckl\h�h^ghjh^ghklb� 
��� G_ghjfbjh\Zgghklv �� >ey� g_kemqZcghc� ihklhygghc� \_ebqbgu�

bf__f�jZ\_gkl\h� 

 ( )C C

m
q
i

i
q m

i
i

p

p
=

∑

∑
E .   (4.1.5) 

Ijb� C 1= �ke_^m_l� ( )1 1q ≠E ��qlh�hagZqZ_l�g_ghjfbjh\Zgghklv�\a\_�

r_ggh]h�kj_^g_]h�gZ�_^bgbpm�� 
��� G_Z^^blb\ghklv�� Imklv� aZdhg� keh`_gby� kemqZcguo� \_ebqbg�

12 1 2T T T= + � \ujZ`Z_lky� \� \b^_� kmffu� ^ey� ^\mo� g_aZ\bkbfuo� h[t_dlh\��

Lh]^Z�� kh]eZkgh� mkeh\bx� fmevlbiebdZlb\ghklb ij i jp p p= �� ihemqbf� jZ�

\_gkl\h 

 ( ) ( ) ( )12 1 2

n mq q
j i

j i
q q qn m

j i
j i

p p
T T T

p p
= +

∑ ∑

∑ ∑
E E E .  (4.1.6) 

>Ze__�iheh`bf��qlh�kemqZcgZy�\_ebqbgZ�y\ey_lky�g_Z^^blb\ghc�kh]eZkgh�
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ke_^mxs_fm�aZdhgm 

 12 1 2 1 2T T T T T= + − ε ,  (4.1.7) 

]^_� ε  –�ihklhygguc�fgh`bl_ev��Ihke_�mkj_^g_gby�bf__f�^jm]h_�jZ\_gkl�
\h 

 ( ) ( ) ( ) ( ) ( )12 1 2 1 2

n mq q
j i

j i
q q q q qn m

j i
j i

p p
T T T T T

p p
= + − ε

∑ ∑

∑ ∑
E E E E E .  (4.1.8) 

LZdbf�h[jZahf��^ey�^\mo�kemqZ_\�\ul_dZ_l�g_Z^^blb\ghklv�kj_^gbo�\_eb�

qbg�\g_�aZ\bkbfhklb�hl�aZdhgZ�keh`_gby�kemqZcguo�\_ebqbg� 
���FmevlbiebdZlb\ghklv ��Kj_^g__�agZq_gb_�ijhba\_^_gby�g_aZ\b�

kbfuo�kemqZcguo�\_ebqbg� 1 2T T �^ey�h^gh]h�beb�^\mo�h[t_dlh\�jZ\gh�ijh�

ba\_^_gbx�kj_^gbo�agZq_gbc 

 ( ) ( ) ( )1 2 1 2q q qT T T T=E E E .  (4.1.9) 

��� <a\_r_ggh_ � g_ghjfbjh\Zggh_ � f-kj_^g__�� NmgdpbhgZevguf�

h[h[s_gb_f� \ujZ`_gby� �������� y\ey_lky� \a\_r_ggh_� g_ghjfbjh\Zggh_�

f -kj_^g__ 

 ( )
( )

m
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i

f m

i
i

T f p
T

p
=

∑

∑
E ,  (4.1.10) 

]^_� ( )f p �bf__l�k\hckl\h�fmevlbiebdZlb\ghklb� ( ) ( ) ( )ij i jf p f p f p= . 

?keb� ( ) q
i if p p= ��lh�\ujZ`_gb_����������jZ\gy_lky�\a\_r_gghfm�g_�

ghjfbjh\Zgghfm�kj_^g_fm����������Ijb� ( ) is
i if p p= �bf__f 

 ( )
i

m
s

i i
i

m

i
i

T p
T

p
=

∑

∑
E .  (4.1.11) 

Hij_^_e_gb_� ��� Hldehg_gb_� kemqZcghc� \_ebqbgu� hl� agZq_gby�
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( ) 1 q
q iT p −E �_klv�nemdlmZpby� 

 ( ) ( )1 , 0
m

q q
q i i q i q i i

i
T T T p T p−∆ = − ∆ =∑E .  (4.1.12) 

Hij_^_e_gb_� 3.�GZqZevgu_� b� p_gljZevgu_� fhf_glu� i-]h� ihjy^dZ�
kemqZcghc�\_ebqbgu�T �jZ\gu 
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m
n q

n q i i
i

T pα = ∑ ,  (4.1.13) 

 ( ) 1
,

nm
q q

n q i q i i
i

T T p p− µ = − ∑ E .  (4.1.14) 

Ijb� 2n = �ihemqbf�^bki_jkbx 
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( ) ( ) ( )

2
1
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2
2 22 .

m
q q

q q i q i i
i
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q q

i i q q i
i i

T T T p p

T p T T T p

−

−

 µ = = − = 

 = − +  

∑

∑ ∑

D E
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(4.1.15)

 

KlZlbklbq_kdbc� dhwnnbpb_gl� dhjj_eypbb� \_ebqbg� ^\mo� h[t_dlh\�

^Z_lky�\ujZ`_gb_f 

 ( ) ( )
( ) ( )

1 2

1 2
1 2

,
q q q

q
q q

T T
r T T

T T

∆ ∆
=

σ σ

E
,  (4.1.16) 

]^_�d\Z^jZlbqgu_�hldehg_gby� 

 ( ) ( ) ( ) ( )1 2 1 2

1 1 2 2,q q q qT T T T   σ = σ =   D D .  (4.1.17) 

���IhemghjfZ�b�kj_^g__�agZq_gb_��Bkihevamy�\_ebqbgu 

 1T T= , 1
2

q q qT p p′ −= =   (4.1.18) 

b�g_jZ\_gkl\Z�=_ev^_jZ����������ijb� 1r =  

 ( ) ( ) ( )1 1 2 1 2q qN T T N T N T′≤   (4.1.19) 

ihemqbf 

 ( ) ( ) ( )
1q

q q qT N T N p
−

 ≤  E .  (4.1.20) 
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FbgbfZevgh_�kj_^g__�agZq_gb_�kemqZcghc�\_ebqbgu 

 ( ) ( )min

q

q qT N p =  E   (4.1.21) 

hij_^_ey_lky�ijb�T p= �b� 1b = �\�khhlghr_gbb� ����������qlh�\�blh]_�^Z_l�

\ujZ`_gb_ 

 ( ) ( )
1 q

q qN p p =  E .  (4.1.22) 

Hij_^_e_gb_����DZ`^hc�kemqZcghc�\_ebqbg_�T �b�ex[uf�qbkeZf� q  

b� s, q−∞ < < ∞ , s−∞ < < ∞ �khhl\_lkl\m_l�\a\_r_ggZy�g_ghjfbjh\ZggZy�

ihemghjfZ 

 ( )
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i
i

T p
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=  
   

∑

∑
.  (4.1.23) 

?keb� \_kZ� ip � m^h\e_l\hjyxl� mkeh\bx� \_jhylghklghc� ghjfbjh\db�

���������lh�\ujZ`_gb_����������ijbf_l�\b^ 

 ( )
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s q s
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i
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 =   
∑ .  (4.1.24) 

���G_ghjfbjh\ZggZy � f-ihemghjfZ��NmgdpbhgZevguf�h[h[s_gb_f�

\ujZ`_gby����������y\ey_lky�\a\_r_ggZy�g_ghjfbjh\ZggZy�ihemghjfZ 
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( )

1

,

qm
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i
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i
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∑

∑
.  (4.1.25) 

Ijb� ( ) s
i if p p= � \ujZ`_gb_� ��������� kh\iZ^Z_l� k� ���������� ?keb�

( ) is
i if p p= ��lh�bf__f�ke_^mxsbc�nmgdpbhgZe� 
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1

,

i
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i
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i
i
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∑

∑
.  (4.1.26) 
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<�ij_^_e_� 1q → �ba����������\ul_dZ_l�nmgdpbhgZe�b�_]h�eh]Zjbnf 

 ( )

( ) ( )
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1

2

m

i i
i
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i
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=

∑

∑
,  (4.1.28) 

dhlhju_�h[h[sZxl�nhjfmeu���������b��������� 
Hij_^_e_gb_� ��� Kj_^g__� \a\_r_ggh_� g_ghjfbjh\Zggh_� k� ijhba�

\hevghc�nmgdpb_c� ( )Tϕ = ϕ �_klv 
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1
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m
q
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i
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i
i
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p

−
ϕ

 ϕ 
= ϕ  

 
  

∑

∑
,  (4.1.29) 

]^_�ϕ  –�g_ij_ju\gZy�kljh]h�fhghlhggZy�nmgdpby�gZ�R ��Z� 1−ϕ �_klv�nmgd�

pby��h[jZlgZy� ( )Tϕ ��Ijb�kl_i_gghc�nmgdpbb�kj_^g__����������kh\iZ^Z_l�k�

ihemghjfhc� ����������Ijb� 1q = �nmgdpbhgZe� ��������� jZ\gy_lky� \a\_r_g�

ghfm�kj_^g_fm�Dhefh]hjh\Z–GZ]mfh�k�ijhba\hevghc�nmgdpb_c� 
A^_kv�^Z_lky�b^_cgZy�klhjhgZ�h[h[s_gbc�b�ihwlhfm�g_�[m^_f�ijb�

\h^blv�k\hckl\Z�nmgdpbhgZeh\� ���������� ���������b� ����������Wlh�ij_^klZ\�

ey_l�hl^_evguc�bgl_j_k�b�lj_[m_l�[he__�^_lZevgh]h�jZkkfhlj_gby� 
GZdhg_p�\uibr_f�\a\_r_ggu_�g_ghjfbjh\Zggu_�kj_^gb_�\�^jm]bo�

\Z`guo�kemqZyo 

 ( )
q

G
q

G

Tp dX

T
pdX

=
∫

∫
E ,   ( ) Sp

Sp

q

q

T
T

ρ=
ρ

E .  (4.1.30) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db� 

 1, Sp 1pdX = ρ =∫   (4.1.31) 

ba����������ke_^mxl�nhjfmeu� 
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 ( ) q
q T Tp dX= ∫E , ( ) Sp q

q T T= ρE ,  (4.1.32) 

]^_� ( )p p X=  –�g_ij_ju\gh_�jZkij_^_e_gb_�b� ρ  –�hi_jZlhj�iehlghklb�\�

]bev[_jlh\hf�ijhkljZgkl\_� 

�����:dkbhfu�OZ\j^Z–QZj\ZlZ�b�f_lh^�>Zjhrb 

Y��OZ\j^Z��N��QZj\Zl� >��@�b� A��>Zjhrb� >��@� \i_j\u_� ZdkbhfZlbq_�

kdbf�ih^oh^hf�^hdZaZeb�_^bgkl\_gghklv�gh\hc�q -wgljhibb��kh\f_klbfhc�

k�hij_^_e_gb_f�\a\_r_ggh]h�g_ghjfbjh\Zggh]h�kj_^g_]h��<�jZ[hl_� >��@�

^ey�\u\h^Z�q -wgljhibb�[ueb�knhjfmebjh\Zgu�Zdkbhfu� 

1. ( )1 2, , ,q mH p p p! � g_ij_ju\gZ� hlghkbl_evgh� 1 2, , , mp p p! � \� h[�

eZklb�0 1ip≤ ≤ �b� 1
m

i
i

p =∑ , 0q > . 

2. ( )1 0qH = , 
1 1

, 1
2 2qH   =  

. 

3. ( ) ( )1 1 1 1 1 1, , ,0, , , , , , , ,q i i m q i i mH p p p p H p p p p− + − +=! ! ! ! �^ey�\k_o�

1, ,i m= ! . 

4. ( )1 1 1 2 1, , , , , , ,q i i i i mH p p p p p p− + =! !  

( ) 1 2
1 1 1, , , , , ,q i i

q i i m i q
i i

p p
H p p p p p H

p p− +

 
= + α    

! ! � ^ey� \k_o�

1 2 0i i ip p p+ = > , 1, ,i m= ! , 0q > . 

Ba�Zdkbhfu���\ul_dZ_l��kh]eZkgh�Zdkbhf_����jZ\_gkl\h� 1α = ��LZd`_�

^ZggZy� ZdkbhfZ� ijb\h^bl� d�fh^bnbpbjh\Zgghc� Zdkbhf_� �� �kf�� ]eZ\m� ���

kbkl_fu�ObgqbgZ 

 

( )

( )

11 1 21 2 1

1
1 2

, , ; , , ; ; , ,

, , , , , ,

q n n m mn

m
q i in

q m i i
i i i

H p p p p p p

p p
H p p p p H

p p

=

 
= +    

∑

! ! ! !

! !

 
 (4.2.1) 

]^_� ijp  –�ghjfbjh\Zggh_�kh\f_klgh_�jZkij_^_e_gb_�klZlbklbq_kdb� aZ\b�

kbfuo�h[t_dlh\�k� 

 1, , 0
m n n

ij i ij ij
i j j

p p p p= = ≥∑∑ ∑ .  (4.2.2) 

:dkbhfZfb�OZ\j^Z–QZj\ZlZ� q -wgljhiby�hij_^_ey_lky�k�lhqghklvx�
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^h�nmgdpbb� ( )qλ ��aZ\bkys_c�hl�iZjZf_ljZ�q ��b�bf__l�ke_^mxsbc�\b^� 

 ( ) ( )1
1, , 1

m
q

q m i
i

H p p q p−  = λ −  
∑! .  (4.2.3) 

Mkeh\b_� ghjfbjh\Zgghklb� q -wgljhibb�� \ujZ`_ggh_� Zdkbhfhc� ���

ijb\h^bl���������d�nmgdpbhgZem 

 ( ) 1

1
1

1 2

m
q

q iq
i

H p p−
 = − −  

∑ .  (4.2.4) 

Ijb� 1q = �ba���������ke_^m_l�wgljhiby�R_gghgZ–<bg_jZ 

 ( ) ( ) ( )21
lim log

m

q i iq i
H p H p p p

→
= = −∑ .  (4.2.5) 

A��>Zjhrb�>��@�bkihevah\Ze�ijb�\u\h^_� q -wgljhibb���������kbkl_fm�

Zdkbhf�NZ^__\Z� �kf��]eZ\m����k�fh^bnbpbjh\Zgguf�]jmiih\uf�mkj_^g_�

gb_f 

 

( )

( )

1

1 2
2 1 2

, ,

,

q m

m q k
k

k k

H p p

p
p p p f

p p p=

=

 
= + + +   + + + 

∑

!

!

!

 
 (4.2.6)

 

]^_� bgnhjfZpbhggZy�nmgdpby� ( )f X � ijb� 2m= � m^h\e_l\hjy_l� ]jZgbq�

guf�mkeh\byf 

 ( ) ( )0 1f f= , 
1

1
2

f   =  
  (4.2.7) 

b�nmgdpbhgZevghfm�mjZ\g_gbx 

 ( ) ( ) ( ) ( )1 1
1 1

q qy x
f x x f f y y f

x y

  + − = + −   − −   
  (4.2.8) 

^ey�\k_o� ( ),x y D∈ ��]^_ 

 ( ){ }, : 0 1,0 1, 1D x y x y x y= ≤ ≤ ≤ ≤ + = .  (4.2.9) 

J_r_gb_f�mjZ\g_gby���������y\ey_lky�bgnhjfZpbhggZy�nmgdpby 

 ( ) ( ) ( )1

1
1 , 1 1

1 2
qq

q q
H p p f p p p−

 − = = − − − −
,  (4.2.10) 
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dhlhjZy�ijb� 1q = �kh\iZ^Z_l�k�wgljhib_c�R_gghgZ–<bg_jZ 

 
( ) ( )

( ) ( )
1

2 2

1 , lim 1 ,

log 1 log 1 .

qq
H p p H p p

p p p p

→
− = − =

= − − − −
 

 (4.2.11)
 

>_lZevgh_�bkke_^h\Zgb_�nmgdpbhgZeZ�����������_]h�\u\h^�b�k\hckl\Z�

ijb\h^ylky�\�fhgh]jZnbb�>��@� 
LZdbf�h[jZahf�� q -wgljhiby� ��������ih�ijZ\m�gZau\Z_lky� wgljhib_c�

OZ\j^Z–QZj\Zl–>Zjhrb� 

�����G_jZ\_gkl\h�=zev^_jZ�� 
Wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb 

JZa\b\Z_fZy� klZlbklbq_kdZy�fh^_ev�iha\hey_l�gZ� hkgh\_� hij_^_e_�

gby� ihemghjfu� kemqZcghc� \_ebqbgu� ^Zlv� klZlbklbq_kdbc� \u\h^� wgljh�

ibb�OZ\j^Z–QZj\Zl–>Zjhrb�>��@��BlZd��aZibr_f�g_jZ\_gkl\h�=_ev^_jZ 

 ( ) ( ) ( )1 2 1 2r q qN T T N T N T′≤   (4.3.1) 

^ey�dhg_qguo�agZq_gbc�ihemghjf 

 ( )
1

1 1

qm
q

q i i
i

N T T p
 =   
∑ , ( )

1

2 2

qm
q

q i i
i

N T T p

′
′

′
 =   
∑ , 

 ( ) ( )
1

1 2 1 2

rm r

r i i i
i

N T T T T p
 =   
∑ . 

 (4.3.2)

 

A^_kv� 1T �b� 2T  –�ijhba\hevgu_�kemqZcgu_�\_ebqbgu��Z�khijy`_ggu_�ihdZ�

aZl_eb�q �b�q′ �m^h\e_l\hjyxl�jZ\_gkl\m 

 
1 1 1

q q r
+ =

′
,   0 r q< < .  (4.3.3) 

AgZd�jZ\_gkl\Z�khhl\_lkl\m_l�fbgbfZevghfm�khklhygbx�\���������b�^hklb�

]Z_lky�ijb�\uiheg_gbb�mkeh\by 

 1 2
q q
i iT bT ′= ,  (4.3.4) 

]^_�agZq_gb_�dhwnnbpb_glZ� 

 
1

1 2

m m
q q
i i i i

i i
b T p T p

−
′  =     

∑ ∑ .  (4.3.5) 
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K�mq_lhf���������mkeh\b_���������ijbf_l�ke_^mxsbc�\b^ 

 1 2

1 2

q q
i i

m m
q q
i i

i i

T T

T T

′

′
=

∑ ∑
.  (4.3.6) 

Imklv�\_ebqbgu� 1T �b� 2T ��khhl\_lkl\_ggh�ijbgZ^e_`Zsb_�ijhkljZg�

kl\Zf� qL �b� q′L ��jZ\gyxlky 

 1i iT p= ,   ( ) ( ) 1

2 1i q r iT q r h p
− = + λ  .  (4.3.7) 

Lh]^Z��bkihevamy����������ihemqbf 

 ( ) ( )1
q

q
i q r ip b q r h p

′− = + λ  .  (4.3.8) 

Ba���������ke_^m_l�khhlghr_gb_ 

 ( ) ( )
1

1
1

q
qr

i q r ip b q r h p
−− ′  = + λ  .  (4.3.9) 

JZkkfhljbf�kemqZc�k� 1b = �b�iheh`bf��qlh� ( )q r ih p �_klv�kemqZcgZy�

wgljhiby��Lh]^Z�ba���������\ul_dZ_l 

 ( ) ( )( )11 1 q r
q r i ih p q r p −−= −λ − .  (4.3.10) 

Kj_^g__�agZq_gb_�\_ebqbgu����������aZibr_lky�lZd 

 

( ) ( ) ( )

( )1 1 .

m
q r

q r q r q r q r i i
i

m
q r
i

i

H p h p h p p

q r p−

 = = = 

 = λ −  

∑

∑

E

  
(4.3.11)

 

Mqblu\Zy� mkeh\b_� ghjfbjh\Zgghklb� wgljhibb� gZ� _^bgbpm� ijb�

2m= �b�ba�����������ihemqbf�>��@ 

 ( ) 1

1
1

1 2

m
q r

q r iq r
i

H p p−
 = − −  

∑ .  (4.3.12) 

Ijb� 1r = � nmgdpbhgZe� ��������� kh\iZ^Z_l� k� wgljhib_c� OZ\j^Z–QZj\Zl–
>Zjhrb 

 ( ) 1

1
1

1 2

m
q

q iq
i

H p p−
 = − −  

∑ .  (4.3.13) 
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JZkkfhljbf�hkgh\gu_�k\hckl\Z�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb� 
���Iheh`bl_evghklv�b�\uimdehklv��Wgljhiby�_klv�\_s_kl\_gguc��

g_hljbpZl_evguc� b� \uimdeuc�nmgdpbhgZe� k�fZdkbfmfhf� �fbgbfmfhf��

ijb� 0q >  ( )0q <  

 ( ) 0qH p > ,  (4.3.14) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + ,  (4.3.15) 

]^_� 1 2 1a a+ = , 1 0a > , 2 0a > ��G_jZ\_gkl\h����������_klv�g_jZ\_gkl\h�B_g�

k_gZ�\�l_hjbb�\uimdeuo�nmgdpbc�>��@��Ijb� 0q = �ba����������\ul_dZ_l�jZ�

\_gkl\h� ( )0 1H p m= − . 

GZ� jbk����� ij_^klZ\e_gZ� aZ\bkbfhklv� wgljhibb� OZ\j^Z–QZj\Zl–

>Zjhrb� ( )qH p � hl� jZkij_^_e_gby� p � ijb� agZq_gbyo� 2m= , 1p p= � b�

1; 1 2; 0; 1; 10q = − − . 

Jbk� ���� AZ\bkbfhklv wgljhibb  
OZ\j^Z–QZj\Zl–>Zjhrb hl jZkij_^_e_gby� 

1 – (q = –1), 2 – (q = 1/2), 3 – (q = 0), 4 – (q = 1), 5 – (q = 10) 

���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo� h[t_dlh\��Imklv� khklhygb_�

kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�

ij_^_e_gb_f� ij i jp p p= ��Z� ip �b� jp �hlghkylky�d�^\mf�g_aZ\bkbfuf�h[t_d�

lZf��H[sZy�wgljhiby�^Z_lky�\ujZ`_gb_f� 

( )
q

H p  

0,2         0,4         0,6         0,8          1  p 

8

6

4

2

0

1 

2 

3 

4 5 
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 ( ) ( ) 11
12 1 2 1

m n
q q

q ij
i j

H p p
−−  

= − − 
 

∑∑ ,  (4.3.16) 

]^_�mkeh\b_�ghjfbjh\db� 
 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (4.3.17) 

Ihke_�ih^klZgh\db�jZkij_^_e_gby� ijp �\� ���������ihemqbf� k\hckl\h�

g_Z^^blb\ghklb�^ey�wgljhibb�^\mo�g_aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( ) ( ) ( ) ( )1
12 1 2 1 22 1q

q q q q qH p H p H p H p H p−= + + − ,  (4.3.18) 

]^_ 

 ( ) ( )1 1

1

1 2

m
q
i

i
q q

p

H p
−

 −  =
−

∑
,   ( ) ( )2 1

1

1 2

n
q
j

j

q q

p

H p
−

 
− 

 =
−

∑
.  (4.3.19) 

>ey�kemqZy� 2k ≥ �g_aZ\bkbfuo�h[t_dlh\�nhjfmeZ����������ijbgbfZ�

_l�ke_^mxsbc�\b^ 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1

12
1 1

221
1

1

11
1 2

2 1

2 1

2 1 .

k k
q

q k q r q r q k
r r

k
q

q r q k q k
r

kq
q q q k

H p H p H p H p

H p H p H p

H p H p H p

−
−

= =
−

−
−

=
−−

= + − +

+ − + +

+ −

∑ ∑

∑

!

!

!

  

(4.3.20) 

Iheh`bf��qlh�k\hckl\h�g_Z^^blb\ghklb�^ey�kemqZcguo�wgljhibc� 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q j q i q jh p h p h p h p h p−= + − −   (4.3.21) 

kijZ\_^eb\h�^ey�ijhba\hevguo�g_aZ\bkbfuo�kemqZcguo�h[t_dlh\��Lh]^Z��

kjZ\gb\Zy� jZ\_gkl\Z� �������� b� ���������� ihemqbf� agZq_gb_� fgh`bl_ey�

( )12 1q−ε = − . 

<� blh]_� g_Z^^blb\ghklv� ^ey� kemqZcguo� b� bo� kj_^gbo� \ujZ`Z_lky�

khhlghr_gbyfb� 
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 ( )1
12 1 2 1 22 1qT T T T T−= + − − ,  (4.3.22) 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1
12 1 2

1 1
2 1 1 2

1 2 1

1 2 1 2 1 .

q
q q q

q q
q q q q

T T H p

T H p T T

−

− −

 = + − + 
 + + − − − 

E E

E E E
 
 (4.3.23)

 

>ey� wgljhibc�ba� ���������b� ��������� \ul_dZxl�\ujZ`_gby� ���������b�

(4.3.21). 
���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\bkbfuo�

h[t_dlh\�bf__f�khhlghr_gby�^ey�jZkij_^_e_gbc 

 ij i jj i i j
p p p p p= = ,   

n

i ij
j

p p= ∑ ,   
m

j ij
i

p p= ∑   (4.3.24) 

b�jZ\_gkl\h 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q q i qj i j i

h p h p h p h p h p−= + − − ,  (4.3.25) 

]^_�kemqZcgu_�wgljhibb� 

 ( ) ( )( )111 2 1 qq
q j i j i

h p p −−= − − ,  (4.3.26) 

 ( ) ( )( )1 11 2 1q q
q i ih p p− −= − − , ( ) ( )( )1 11 2 1q q

q j jh p p− −= − − .  (4.3.27) 

Ihke_�mkj_^g_gby����������ihemqbf�jZ\_gkl\h�^ey�wgljhibc�aZ\bkb�

fuo�h[t_dlh\ 

 ( ) ( ) ( )12 1 2 1q q qH p H p H p p= + .  (4.3.28) 

Mkeh\gZy�wgljhiby�k�jZkij_^_e_gb_f�
21

p �hij_^_ey_lky�ke_^mxsbf�

h[jZahf 

 ( ) ( )21

n
q

qi q j i j i
j

H p h p p= ∑   (4.3.29) 

b�__�kj_^g__�agZq_gb_�\����������jZ\gh 

 ( ) ( )2 1 21

m
q

q i qi
i

H p p p H p= ∑ .  (4.3.30) 

?keb� 221
p p= �� lh� ba� ��������� ke_^m_l� k\hckl\h� g_Z^^blb\ghklb�

����������Ijb�j_ZebaZpbb�khklhygby�k�jZkij_^_e_gb_f� 2p �ihemqbf�wgljh�

ibb� 
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 ( ) ( ) ( )12 2 1 2q q qH p H p H p p= + ,  (4.3.31) 

 ( ) ( )21

n
q

qj q i j i j
j

H p h p p= ∑ ,  (4.3.32) 

 ( ) ( )1 2 21

n
q

q j qj
j

H p p p H p= ∑ .  (4.3.33) 

IjbjZ\gb\Zy�\ujZ`_gby����������b�����������hdhgqZl_evgh�bf__f�jZ�

\_gkl\h 

 ( ) ( ) ( ) ( )1 2 1 2 1 2q q q qH p H p p H p H p p+ = + ,   (4.3.34) 

dhlhjh_�ih�nhjf_�kh\iZ^Z_l�k�jZ\_gkl\hf����������klZlbklbq_kdhc�fh^_eb�

R_gghgZ–<bg_jZ� 
���NemdlmZpby��AZibr_f��kh]eZkgh� ���������nemdlmZpbx�kemqZcghc�

wgljhibb� 

 ( ) ( ) ( ) 1 q
q q i q i q ih p h p H p p− ∆ = −  .  (4.3.35) 

<ujZabf�agZq_gb_� 1 q
ip − �q_j_a�kemqZcgmx�wgljhibx� ( )q ih p �b�ihem�

qbf�jZ\_gkl\h 

 
( ) ( ) ( ) ( )

( ) ( ){ }
1 1

1

1 2 1 1 2 1

1 2 1 ,

q q
q i q

q
q q i

h p H p

h p

− −

−

   − − + − =   
 = − − ∆  

  
(4.3.36)

 

\� dhlhjhf� \aZbfhk\yaZgu� kemqZcgZy�b� kj_^gyy� wgljhibb� k�nemdlmZpb_c�

kemqZcghc� wgljhibb��Ba� ��������� \ul_dZ_l� ke_^mxs__� khhlghr_gb_� ^ey�

kj_^g_]h�agZq_gby 

 
( ) ( ) ( )

( ) ( ){ } ( )

1 1
1

1 1
1

1 2 1

1 2 1 .

q
q

q

m q
q

q q i
i

H p

h p

−−

−
−

 + − = 

 = − − ∆  ∑
  

(4.3.37)
 

Ijb� 1q = �ba����������bf__f�nhjfmem 

 ( ) ( )
2log 2 i

m h p

i
H p −∆= ∑ ,  (4.3.38) 

dhlhjZy�kh\iZ^Z_l�k�ba\_klguf�\ujZ`_gb_f� ���������^ey�wgljhibb�R_g�

ghgZ–<bg_jZ� 
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>ey�ijhba\hevghc�kemqZcghc�\_ebqbgu�T �b�__�nemdlmZpbb 

 ( ) 1 q
q i i q iT T T p−∆ = − E   (4.3.39) 

kijZ\_^eb\u�ke_^mxsb_�khhlghr_gby 

 ( ) ( ) ( ) ( )111 2 q
q q qT T Th p

−−  − = −  E E E ,  (4.3.40) 

 
( ){ } ( ) ( )

( ) ( )

( ) ( ){ } ( ) ( )

1
1

1

1 1

1 2 1
1 2 1

1 2 1

1 2 1 2 1 .

q
qq

q i q
q

q q
q q i q i i

T
T

H p

h p h p T

−
−

−

− −

 + −
 − − ∆ = ×
 + − 

   − − ∆ + − −   

E

  

(4.3.41)

 

���Wgljhiby�jZ\gh\_jhylgh]h�khklhygby��GZoh^bf�wdklj_fmf�wg�

ljhibb� OZ\j^Z–QZj\Zl–>Zjhrb� ijb� mkeh\bb� khojZg_gby� ghjfbjh\db�

jZkij_^_e_gby� p ��<�j_amevlZl_�bf__f�jZ\gh\_jhylgh_�jZkij_^_e_gb_ 

 
1

ip
m

=   (4.3.42) 

b�wdklj_fZevgh_�agZq_gb_�wgljhibb 

 ( )
1

1

1

1 2

q

q q

m
H p

−

−
−=
−

,  (4.3.43) 

aZ\bkys__�hl�iZjZf_ljZ� q ��Ijb� 1q = �ba����������ke_^m_l�ba\_klgh_�\ujZ�

`_gb_ 

 ( ) ( ) 21
lim logqq

H p H p m
→

= =   (4.3.44) 

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
���G_jZ\_gkl\Z��Wgljhiby�m^h\e_l\hjy_l�ke_^mxsbf�g_jZ\_gkl\Zf 

 ( ) ( ) ( )12 1 2q q qH p H p H p≤ + ,  (4.3.45) 

( ) ( )2 1 2q qH p H p p≥ , ( ) ( )1 2 1q qH p H p p≥  ( )1q ≥ ,  (4.3.46) 

 ( )
1

1

1

1 2

q

q q

m
H p

−

−
−≤
−

 ( )0q > ,                                 (4.3.47) 



 182 

  ( )
1

1

1

1 2

q

q q

m
H p

−

−
−≥
−

 ( )0q < ,  (4.3.48) 

 ( ) ( )1 2 3 1 3,qH p p p H p p≤  ( )0q > ,  (4.3.49) 

 ( ) ( )1 2 3 1 2,qH p p p H p p≤  ( )0q > ,  (4.3.50) 

 ( ) ( ) ( )1 3 1 2 2 1q q qH p p H p p H p p≤ +  ( )1q ≥ ,  (4.3.51) 

 
( )
( )

( )
( )

( )
( )

1 3 2 31 2

1 21 3 2 3,, ,
q qq

qq q

H p p H p pH p p

H p pH p p H p p
≤ +  ( )1q ≥   (4.3.52) 

b�^jm]bf��dhlhju_�jZkkfZljb\Zxlky�\�h[ahjZo�>��������@� 
���F_jZ�klZlbklbq_kdh]h�jZkklhygby��JZkkfhljbf�g_ghjfbjh\Zg�

gh_�kj_^g__�agZq_gb_�kemqZcghc�wgljhibb� ( )q ih p  

 ( ) ( ) ( ) ( )11 11 2
m m

s q s q s
s q q i i i i

i i
h p h p p p p

−− − +  = = − −  ∑ ∑E .  (4.3.53) 

?keb�\� ���������iheh`blv� 1 q r s− = − �� lh�ihemqbf� khhl\_lkl\mxsmx� wg�

ljhibx�>��������@ 

 ( ) ( ) ( ) ( )11 1 12 2 2
m

r r s r s r
s s q i i

i
H p h p p p

−− − − = − = − −  ∑E ,  (4.3.54) 

dhlhjZy� y\ey_lky� f_jhc� klZlbklbq_kdh]h� jZkklhygby� f_`^m� s
ip � b� r

ip . 

>jm]b_�kj_^gb_�b�f_ju�ijb\h^ylky�\�>��@� 
���Ghjfbjh\Zgghklv�b�jZaf_jghklv��Ijb� 2m= �b�jZ\gh\_jhylgu�

fb� agZq_gbyfb� jZkij_^_e_gby� 1 2 1 2p p= = � wgljhiby� m^h\e_l\hjy_l�

k\hckl\m�ghjfbjh\Zgghklb 

 ( ) ( ) 11 1 1
1 2 1 1

2 2

q q
q

qH p
−−

    = − − − =         
  (4.3.55) 

b��ke_^h\Zl_evgh��_^bgbp_c�baf_j_gby�\�klZlbklbq_kdhc�fh^_eb�OZ\j^Z–
QZj\Zl–>Zjhrb�y\ey_lky�h^bg�[bl��NmgdpbhgZe���������k� 1qλ = − �y\ey_l�

ky�nbabq_kdhc�[_ajZaf_jghc�wgljhib_c� 

 ( ) 1
1

1

m
phys q
q i

i
H p p

q
 = − −  

∑ .  (4.3.56) 
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Wgljhiby� OZ\j^Z–QZj\Zl–>Zjhrb� \� \b^_� ��������� \i_j\u_� [ueZ�

ijb\_^_gZ� \� jZ[hl_� >���@� b� gZoh^bl�rbjhdh_� ijbf_g_gb_� \� klZlbklbq_�

kdhc�nbabd_�dZd�nbabq_kdZy�jZaf_jgZy�wgljhiby� ( ) ( )phys
q qH p kH p= ��dh�

lhjZy�ijb� 1q = �kh\iZ^Z_l�k�wgljhib_c�;hevpfZgZ–=b[[kZ 

 ( ) ( ) ( )
1

lim ln
m

phys
q i iq i

H p kH p k p p
→

= = − ∑ .  (4.3.57) 

B��<Zc^Z�>���@�jZkkfZljb\Ze�d\Z^jZlbqgmx�wgljhibx� ( ) 2
2 1

m
phys

i
i

H p p= −∑ , 

Z�lZd`_�bkke_^h\Ze�Zdkbhfu�^ey�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb�>���@� 
GZ� hkgh\_� ��������� Z\lhj� jZajZ[Zlu\Ze� l_hjbx� kZfhhj]ZgbaZpbb� b�

g_h[jZlbfhklb� g_wdkl_gkb\guo� kbkl_f� >��–��@��<aZbfhk\yav� jZkkfZljb�
\Z_fuo�wgljhibc�^Z_lky�jZ\_gkl\Zfb 

 ( )
( )
1 1

,
2 2

phys
q

q
phys
q

H p
H p

H
=

 
  

, ( )11 1 1
, 1 2

2 2 1
phys q
qH

q
−  = −  − 

.  (4.3.58) 

LZdbf� h[jZahf�� wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb� _klv� hlghr_gb_�

[_ajZaf_jghc�nbabq_kdhc� wgljhibb� ���������d� __� agZq_gbx�ijb�jZ\gh\_�

jhylghf�khklhygbb� 2m= . 
9. f-wgljhiby��Wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb� ij_^klZ\ey_l� kh�

[hc� f -wgljhibb 

 ( ) ( )
m

q
f i i

i
H p f p p= ∑ , ( ) ( )11 11 2 1q q

if p
−− −= − − ,  (4.3.59) 

 ( ) ( )
m

f i
i

H p f p= ∑ , ( ) ( )111 2 q q
i if p p

−−= − − ,  (4.3.60) 

 ( ) ( )1qf N pH p f −
 =   , ( ) ( ){ }111

11 2 1
q

q
qf N p

−−−
−

 = − −   .  (4.3.61) 

<ujZ`_gb_� ���������kh\iZ^Z_l�kh�kj_^gbf�agZq_gb_f�kemqZcghc�wg�

ljhibb�� nmgdpby� ( )f p � \� ��������� y\ey_lky� bgnhjfZpbhgghc�� Z� ���������

_klv�nmgdpby�ihemghjfu�jZkij_^_e_gby� 
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�����:dkbhfu�b�bgnhjfZpby�jZaebqby�JZlv_–DZggZiiZgZ�� 
G_ghjfbjh\ZggZy�bgnhjfZpby�jZaebqby 

>Zevg_cr__� jZa\blb_� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–
>Zjhrb� khklhyeh� \� gZoh`^_gbb� bgnhjfZpbc� jZaebqby�� I�G�� JZlv_� 
b�I��DZggZiiZg�knhjfmebjh\Zeb�ke_^mxsb_�Zdkbhfu�>���@ 

���Ijb� 2m≥  

 

( )
( )

( ) ( )

1 1

1 2 3 1 2 3

1 2 1 2
1 2 1 2

1 2 1 2 1 2 1 2

, , : , ,

, , , : , , ,

, : , ,

q m m

q m m

q q

q

I p p u u

I p p p p u u u u

p p u u
p p u u I

p p p p u u u u

=

= + + +

 
+ + +   + + + + 

! !

! !  

 (4.4.1)

 

]^_� 1 2 0p p+ > , 1 2 0u u+ > . 

2. ( )1 1, , : , ,q m mI p p u u! ! � kbff_ljbqgZ� hlghkbl_evgh� 1, , mp p! � b�

1, , mu u! . 

3. 
1 1

1,0 : , 1
2 2qI   =  

 –�mkeh\b_�ghjfbjh\Zgghklb.  (4.4.2) 

LZdbf�h[jZahf��bkihevamxlky�Zdkbhfu�NZ^^__\Z�k�fh^bnbpbjh\Zg�

guf� \ujZ`_gb_f� ��������� >Ze__� ijbf_gy_lky� f_lh^� bgnhjfZpbhgghc�

nmgdpbb�>Zjhrb��dhlhjZy�m^h\e_l\hjy_l�]jZgbqguf�mkeh\byf 

 ( ) ( ) 1 1
0,0 1,1 0, 0, 1, 1

2 2
f f f f   = = = =      

  (4.4.3) 

b�nmgdpbhgZevghfm�mjZ\g_gbx 

 

( ) ( ) ( )

( ) ( ) ( )

1

1

, 1 1 ,
1 1

, 1 1 ,
1 1

q q

q q

z t
f x y x y f

x y

x y
f z t z t f

z t

−

−

 
+ − − = − − 

 = + − −  − − 

 

 (4.4.4)

 

^ey�\k_o� ( ) [ ), , , 0,1x y z t ∈ ��]^_� 1x z+ ≤ , 1y t+ ≤ . 

<� blh]_� j_r_gb_f� mjZ\g_gby� �������� k� mkeh\byfb� �������� y\ey_lky�

nmgdpby��jZ\gZy�bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ� 
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( )

( ) ( ) ( )1 11 1

1 , :1 ,

1 2 1 1 1 .

q

q qq q q

I p p u u

p u p u
− −− −

− − =

 = − − − − − 
 

 (4.4.5)
 

Bkihevamy� Zdkbhfm� ���nmgdpbhgZe� �������� ij_^klZ\ey_lky� \� h[s_f�

\b^_ 

 ( ) ( ) 11 1: 1 2 1
m

q q q
q i i

i
I p u p u

−− − = − −  
∑ .  (4.4.6) 

=jmiih\h_�mkj_^g_gb_�ih�>Zjhrb�aZibr_lky�lZd 

 

( ) ( ) ( )11 2 1 2
2

1 2 1 2

:

, .

m q q

q k k
k

k k
q

k k

I p u p p p u u u

p u
f

p p p u u u

−

=
= + + + + + + ×

 
×   + + + + + + 

∑ ! !

! !

 
 (4.4.7)

 

?keb�bkihevah\Zlv�kbkl_fm�Zdkbhf�ObgqbgZ��lh�ZdkbhfZ�^ey�kh\f_�

klgh]h�jZkij_^_e_gby�klZlbklbq_kdb�aZ\bkbfuo�h[t_dlh\�ijbgbfZ_l�\b^�

[101] 

 

( ) ( )11 11 1 1

1 1 1

, , : , , , , : , ,

, , : , , ,

q mn mn q m m

m
q q i im i im
i i i

i i i i i

I p p u u I p p u u

p p u u
p u I

p p u u
−

= +

 
+    

∑

! ! ! !

! !

  
(4.4.8)

 

]^_� ijp �b� iju �_klv�ghjfbjh\Zggu_�jZkij_^_e_gby�k 

 1
m n m n

ij ij
i j i j

p u= =∑∑ ∑∑ , 
n

i ij
j

p p= ∑ , 
n

i ij
j

u u= ∑ .  (4.4.9) 

<���������bkihevam_lky�\a\_r_ggh_�g_ghjfbjh\Zggh_�kj_^g__ 

 ( )
1

m
q q

i i i
i

q m

i
i

T p u
T

p

−

=
∑

∑
E   (4.4.10) 

k�\_khf� 1q q
i ip u − �b�ghjfbjh\dZfb� 1

m m

i i
i i

p u= =∑ ∑ . 

LZdZy�kbkl_fZ�Zdkbhf�^Z_l�nmgdpbhgZe�>���@� 
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 ( ) ( )1 1: 1
m

q q
q i i

i
I p u q p u− − = λ −  

∑ ,  (4.4.11) 

]^_� ( )qλ �_klv�ghjfbjh\hqguc�fgh`bl_ev��Ijb�\uiheg_gbb�ghjfbjh\Zg�

ghklb� �������� ba� ��������� \ul_dZ_l� agZq_gb_� ( ) ( )11 2qq −λ = − �� <� ij_^_e_�

1q → �bgnhjfZpby�jZaebqby�JZlv_–DZggZiiZgZ�kh\iZ^Z_l�k�bgnhjfZpb_c�

jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
GZ� jbk����� ijb\_^_gu� aZ\bkbfhklb� bgnhjfZpbb� jZaebqby� JZlv_–

DZggZiiZgZ� ( ):qI p u ��Z��hl�jZkij_^_e_gby�ijb�agZq_gbyo� 2m= , 1p p= , 

1 1 3u = �b� 1; 1 2; 0; 1; 2q = − − �b�[��hl�qbkeZ� q �ijb� 2m= , 1 1 4p = �b�

1 1 3u = . 

Z [ 

Jbk� ���� AZ\bkbfhklb bgnhjfZpbb jZaebqby JZlv_–DZggZiiZgZ�  
Z – hl jZkij_^_e_gby� 1 – (q = –1), 2 – (q = –1/2), 3 – (q = 0),  

4 – (q = 1), 5 – (q  �� b [ hl qbkeZ q 
 
<\_^_f� f_jm� klZlbklbq_kdhc� g_lhqghklb� ba\_klghc� nhjfmehc�

���������\aZbfhk\yab�k�wgljhib_c�b�bgnhjfZpb_c�jZaebqby 

 

( ) ( ) ( )

( ) 11 1

: :

1 2 1 .

q q q

m m m
q q q q q

i i i i
i i i

H p u H p I p u

p p u p
−− −

= + =

   = − − + −     
∑ ∑ ∑

  
(4.4.12)

 

Ijb� 1q = �ba����������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z� 

( : )
q

I p u

2 
 
 

0 
 
 

–2 
 
 

–4 
 
 

–6 

0,2                 2        4        6        8       10  q 
0,2      0,4       0,6       0,8         1  p 

( : )
q

I p u

0,05 
 

0 

–0,05 
 

–0,1 
 

–0,15 
 

–0,2 
 

–0,25 

5 

4 

3 
2 

1 
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 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ .  (4.4.13) 

GZ� jbk����� ijb\_^_gu� aZ\bkbfhklb� wgljhibb� OZ\j^Z–QZj\Zl–

>Zjhrb� ( )qH p , bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ� ( ):qI p u �b�f_�

ju� g_lhqghklb� ( ):qH p u � \� \b^_� ��������� hl� jZkij_^_e_gby� ijb� 2m= , 

2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Z [ 

Jbk����� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb OZ\j^Z–QZj\Zl–>Zjhrb  
hl jZkij_^_e_gby� 1 – wgljhiby ( )qH p , 2 – bgnhjfZpby jZaebqby  

JZlv_–DZggZiiZgZ ( ):qI p u , 3 –f_jZ g_lhqghklb ( ):qH p u  

 
<uiheg_gb_� mkeh\bc� ghjfbjh\Zgghklb� ^ey� wgljhibb� OZj\^Z–

QZj\Zl–>Zjhrb� b� bgnhjfZpbb� jZaebqby� JZlv_–DZggZiiZgZ� ^Z_l� h^bgZ�
dh\uc� oZjZdl_j� aZ\bkbfhkl_c�nmgdpbhgZeh\� hl� jZkij_^_e_gby� jZkkfZl�

jb\Z_fhc�fh^_eb� k�fh^_eyfb�R_gghgZ–<bg_jZ�b�J_gvb��H^gZdh�\� wlhc�
fh^_eb��kh]eZkgh�����������f_jZ�g_lhqghklb�g_�y\ey_lky�kj_^gbf�agZq_gb�

_f�hl�kemqZcghc�wgljhibb� ( )q ih u . 

JZkkfhljbf� ^jm]mx� fh^_ev�� dh]^Z� f_jZ� g_lhqghklb� aZibku\Z_lky� 
\�\b^_�\a\_r_ggh]h�g_ghjfbjh\Zggh]h�kj_^g_]h 

 ( ) ( ):
m

q
q q i i

i
H p u h u p= ∑ , ( ) ( ) ( )11 11 2 1q q

q i ih u u
−− −= − − .  (4.4.14) 

( ), ( : ), ( : )
q q q

H p I p u H p u
2

1,5

1

0,5

0

2 
 
 

1,5 
 
 

1 
 
 

0,5 
 
 

0 
0,2        0,4        0,6        0,8         1  p 0,2       0,4        0,6        0,8         1  p 

3 

1 

2 

3 

1 

2 

( ), ( : ), ( : )
q q q

H p I p u H p u  
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Lh]^Z�^ey�bgnhjfZpbb�jZaebqby�ihemqbf�\ujZ`_gb_� 

 

( ) ( ) ( ) ( )

( ) 11 1

: : :

2 1 1 ,

m
q

q q q q i i i
i

m
q q q

i i
i

I p u H p u H u I p u p

p u
−− −

= − = =

 = − −  

∑

∑
 

(4.4.15) 

hlebqZxs__ky�hl�nmgdpbhgZeZ����������Ijb� 1q → �bf__f�ij_^_e��dhlhjuc�

jZ\gy_lky�bgnhjfZpbb� jZaebqby�Dmev[ZdZ–E_c[e_jZ��KemqZcgZy�bgnhj�
fZpby�jZaebqby�_klv�jZaghklv�f_`^m�kemqZcgufb�wgljhibyfb 

 ( ) ( ) ( ):q i i q i q iI p u h p h u = − −  , (4.4.16) 

qlh� kh]eZkm_lky� k� ij_^klZ\e_gbyfb� klZlbklbq_kdhc� fh^_eb� R_gghgZ–
<bg_jZ�� <� ^Zgghc� fh^_eb� g_� \uihegy_lky� ZdkbhfZ� �� kbkl_fu� JZlv_–
DZggZiiZgZ��>ey�bgnhjfZpbb�jZaebqby�kijZ\_^eb\h�jZ\_gkl\h 

 11 1
1,0 : , 2

2 2
q

qI −  =  
. (4.4.17) 

Ihwlhfm� nmgdpbhgZe� ��������� gZah\_f� g_ghjfbjh\Zgghc� bgnhjfZpb_c�

jZaebqby� 
KlZlbklbq_kdbc� \u\h^� ^\mo� bgnhjfZpbc� jZaebqby� khklhbl� \� bk�

ihevah\Zgbb�g_jZ\_gkl\Z�=_ev^_jZ�^ey�ihemghjf�>��@ 

 ( ) ( ) ( )1 2 1 2q q qN T T N T N T′≤ , (4.4.18) 

]^_�khijy`_ggu_�ihdZaZl_eb�q �b�q′ �m^h\e_l\hjyxl�jZ\_gkl\m 

 
1 1 1

q q r
+ =

′
. (4.4.19) 

<_ebqbgu� 1T �b� 2T �jZ\gyxlky 

 1i iT p= , ( ) ( ) ( ) ( ){ } 1
1

2 1 21 :i q r i q i iT q r q r h u I p u
−

−  = − λ λ −  , (4.4.20) 

]^_�kemqZcgZy�wgljhiby 

 ( ) ( ) ( )11 12 1 1q r q r
q r i ih u p

−− −= − − , (4.4.21) 

Z�dhwnnbpb_glu� ( )1 q rλ , ( )2 q rλ �hij_^_eyxlky�gb`_� 

FbgbfZevgh_�khklhygb_�\� ���������^hklb]Z_lky�ijb�\uiheg_gbb�mk�

eh\by� 
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 1 2
q q
i iT bT ′= ,  (4.4.22) 

]^_�iheh`bf� 1b = ��Lh]^Z�ba����������bf__f�khhlghr_gb_ 

 ( ) ( ) ( ) ( )1 1
1 21 :q r

i q r i q i ip q r q r h u I p u− −  = − λ λ −  ,  (4.4.23) 

ba�dhlhjh]h�\ul_dZ_l�agZq_gb_�kemqZcghc�bgnhjfZpbb�jZaebqby 

 ( ) ( )( ) ( ) ( )1
1 2: 1 q r

q r i i i q r iI p u q r p q r h u− = − λ − − λ  .  (4.4.24) 

JZkkfhljbf� ^\Z� kemqZy�� <� i_j\hf� kemqZ_� ijbgbfZ_f�

( ) ( ) 11
1 1 2q rq r

−−λ = − , ( ) 1
2 2q rq r −λ = �b�ba����������bf__f 

 ( ) ( ) ( )1: 2 q
q r i i q i q iI p u h p h u−  = − −  .  (4.4.25) 

Mkj_^gyy� kemqZcgmx� bgnhjfZpbx� jZaebqby� ���������� ihemqbf�

nmgdpbhgZe 

 

( ) ( )

( ) 11 1

: :

1 2 1 ,

m
q r

q r q r i i i
i

m
q q r q r

i i
i

I p u I p u p

p u
−− −

= =

 = − −  

∑

∑
 

 (4.4.26)
 

dhlhjuc�ijb� 1r = �jZ\gy_lky�bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ� 
<h�\lhjhf�kemqZ_�kemqZcgZy�bgnhjfZpby�jZaebqby�jZ\gy_lky�jZagh�

klb� kemqZcguo� wgljhibc��Ba� ��������� ke_^mxl� agZq_gby� dhwnnbpb_glh\�

( ) ( ) 11
1 2 1q rq r

−−λ = − , ( )2 1q rλ = ��GZoh^bf�\a\_r_ggh_�g_ghjfbjh\Zg�

gh_�kj_^g__� 

 

( ) ( )

( ) 11 1

: :

2 1 1 ,

m
q r

q r q r i i i
i

m
q r q r q r

i i
i

I p u I p u p

p u
−− −

= =

 = − −  

∑

∑
 

 (4.4.27)
 

dhlhjh_�ijb� 1r = �kh\iZ^Z_l�k�bgnhjfZpb_c�jZaebqby�����������bkihevam_�

fhc�\�h[h[s_gghc�l_hjbb�bgnhjfZpbb�>��������@� 
JZkkfhljbf�hkgh\gu_�k\hckl\Z�g_ghjfbjh\Zgghc�jZaebqZxs_c�bg�

nhjfZpbb���������� 
��� <uimdehklv�� BgnhjfZpby� jZaebqby� _klv� \_s_kl\_gguc�� \u�

imdeuc�b�iheh`bl_evguc� �hljbpZl_evguc��nmgdpbhgZe� k�fbgbfmfhf�
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�fZdkbfmfhf��ijb� 0q >  ( )0q < . 

KijZ\_^eb\u�ke_^mxsb_�g_jZ\_gkl\Z 

 ( ): 0qI p u ≥  ( )0q > , (4.4.28) 

 ( ): 0qI p u ≤  ( )0q < ,  (4.4.29) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  ,  (4.4.30) 

]^_� 1 2 1a a+ = �b� 1 0a > , 2 0a > ��Ijb� p u= �bf__f�jZ\_gkl\h� ( ): 0qI p p = . 

GZ� jbk����� ijb\_^_gu� aZ\bkbfhklb� wgljhibb� OZ\j^Z–QZj\Zl–

>Zjhrb� ( )qH p � b� g_ghjfbjh\Zgghc� bgnhjfZpbb� jZaebqby� ( ):qI p u � hl�

qbkeZ�q �ijb�agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = . 

Z [ 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb  
OZ\j^Z–QZj\Zl–>Zjhrb hl qbkeZ q: 

Z – ( )
q

H p , [ – ( ):
q

I p u  

 

GZ�jbk�����^Zxlky� aZ\bkbfhklb�g_ghjfbjh\Zgghc�bgnhjfZpbb�jZa�

ebqby� hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = � b�

1; 1 2; 0; 1; 2q = − − . 

( )
q

H p  

5 
 
 

4 
 
 

3 
 
 

2 
 
 

1 

–10       –5        0         5         10        12       20  q 

0,2 
 
 

0,15 
 
 

0,1 
 
 

0,05 
 

–10       –8       –6       –4       –2                2        4  q 

( : )
q

I p u  
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Jbk� ���� AZ\bkbfhklv g_ghjfbjh\Zgghc  
bgnhjfZpbb jZaebqby hl jZkij_^_e_gby� 

1 – (q = –1), 2 – (q = –1/2), 3 – (q = 0), 4 – (q = 1), 5 – (q = 2) 
 
���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo� h[t_dlh\��Imklv� khklhygb_�

kemqZcgh]h�h[t_dlZ�hibku\Z_lky�ghjfbjh\Zggufb�kh\f_klgufb�jZkij_�

^_e_gbyfb� ij i jp p p= �b� ij i ju u u= �ijb�klZlbklbq_kdhc�g_aZ\bkbfhklb�^\mo�

kemqZcguo�h[t_dlh\��BgnhjfZpbb�jZaebqby�hij_^_eyxlky�\ujZ`_gbyfb� 

 ( ) ( ) 11 1
12 12: 2 1 1

m n
q q q

q ij ij
i j

I p u p u
−− − 

= − − 
 

∑∑ ,  (4.4.31) 

 ( ) ( ) 11 1
1 1: 2 1 1

m
q q q

q i i
i

I p u p u
−− − = − −  

∑ ,  (4.4.32) 

 ( ) ( ) 11 1
2 2: 2 1 1

n
q q q

q j j
j

I p u p u
−− − 

= − − 
 

∑ ,  (4.4.33) 

^ey�dhlhjuo�bf__f�k\hckl\h�g_Z^^blb\ghklb 

 
( ) ( ) ( )

( ) ( ) ( )
12 12 1 1 2 2

1
1 1 2 2

: : :

1 2 : : ,

q q q

q
q q

I p u I p u I p u

I p u I p u−

= + +

+ −
 

 (4.4.34)
 

( )XS,
T

�

S

�

�

�

�

�
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]^_�iZjZf_lj� q �oZjZdl_jbam_l�kl_i_gv�g_Z^^blb\ghklb�bgnhjfZpbc�jZa�

ebqby��Ijb� 1q = �ba����������ke_^m_l�Z^^blb\ghklv�^ey�bgnhjfZpbc�jZaeb�

qby�Dmev[ZdZ–E_c[e_jZ� 
<�kemqZ_� 2m≥ �bf__f�jZ\_gkl\h 

 

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

12 12
1

1
1

1

121
1 1

1

11
1 1 2 2

: :

1 2 : :

1 2 : : :

1 2 : : : .

m

q m m q i i
i

m
q

q i i q m m
i

m
q

q i i q m m q m m
i

mq
q q q m m

I p u I p u

I p u I p u

I p u I p u I p u

I p u I p u I p u

=
−

−

=
−

−
− −

=
−−

= +

+ − +

+ − +

+ + −

∑

∑

∑

! !

! !

  

(4.4.35)

 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�kemqZ_�aZ\bkbfuo�h[t_d�

lh\�^ey�jZkij_^_e_gbc�bf__f�khhlghr_gby 

 ij i j i
p p p= , ij i j i

u u u= ,  (4.4.36) 

 1
m n m n

ij ij
i j i j

p u= =∑∑ ∑∑ , 1
m m

i i
i i

p u= =∑ ∑   (4.4.37) 

b�khhl\_lkl\mxsb_�kemqZcgu_�wgljhibb�b�bgnhjfZpbb�jZaebqby 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q q i qj i j i

h p h p h p h p h p−= + − − ,  (4.4.38) 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q q i qj i j i

h u h u h u h u h u−= + − − ,  (4.4.39) 

 ( ) ( ) ( ):q ij ij q ij q ijI p u h p h u = − −  .  (4.4.40) 

BgnhjfZpby�jZaebqby�^Z_lky�jZ\_gkl\hf 

 ( ) ( ) ( )12 12 1 1 21 21
: :q q qI p u I p u I p u= + ,  (4.4.41) 

]^_�\lhjh_�keZ]Z_fh_ 

 ( ) ( ) 1
21 21 21 21

:
m

q q
q qi i i

i
I p u I p u p u−= ∑   (4.4.42) 

_klv�\a\_r_ggh_�g_ghjfbjh\Zggh_�kj_^g__� ���������^ey�mkeh\ghc�bgnhj�

fZpbb�jZaebqby� 
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 ( ) ( ) 1 11
21 21

: 2 1 1
n

q qq
qi j i j i

j
I p u p u

− −−  
= − − 

 
∑ .  (4.4.43) 

Ijb� 221
p p= �b� 221

u u= �ba����������ke_^m_l�k\hckl\h�g_Z^^blb\ghklb�

(4.4.34). 
Khhlghr_gb_����������ij_^klZ\ey_lky�lZd`_�\�\b^_ 

 ( ) ( ) ( )12 12 2 2 12 12
: :q q qI p u I p u I p u= + ,  (4.4.44) 

]^_ 

 ( ) ( ) 1
12 12 12 12

:
n

q q
q qj j j

j
I p u I p u p u−= ∑ ,  (4.4.45) 

 ( ) ( ) 1 11
12 12

: 2 1 1
m

q qq
qi i j i j

i
I p u p u

− −−  = − −  
∑ .  (4.4.46) 

<�blh]_�kijZ\_^eb\h�ke_^mxs__�jZ\_gkl\h 

 ( ) ( ) ( ) ( )1 1 2 2 12 12 21 21
: :q q q qI p u I p u I p u I p u− = − .  (4.4.47) 

>ey�aZ\bkbfuo�h[t_dlh\�k�jZkij_^_e_gbyfb� 

 12 1 21
p p p= , 12 1 21

u u u=   (4.4.48) 

ihemqbf�f_jm�bgnhjfZpbb 

 

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

12 12 12

1

2 21

:

2 1

,

q q

m n
q q

q i q j q i q j ij
i j

m
q

q qi i
i

I p p H p

h p h p h p h p p

H p H p p

−

= − +

 + + − − = 

= −

∑∑

∑

 

 (4.4.49)

 

]^_ 

 ( ) ( ) 11
21

1 2 1
n

qq
qi j i

j
H p p

−−  
= − − 

 
∑ .  (4.4.50) 

<ujZ`_gb_� ���������[ueh�hij_^_e_gh�n_ghf_gheh]bq_kdbf�iml_f�\�

jZ[hlZo�>������@�b�bkihevah\Zehkv�\�l_hjbb�i_j_^Zqb�kb]gZeZ�ih�dZgZeZf�

k\yab� 
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��� NemdlmZpby�� JZkkfhljbf� nemdlmZpbx� kemqZcghc� bgnhjfZpbb��

jZaebqby 

 ( ) ( ) ( ) 1: : : q
q q i i q i i q iI p u I p u I p u p− ∆ = −    (4.4.51) 

b�ihke_�ij_h[jZah\Zgbc�ihemqbf�jZ\_gkl\h 

 
( ) ( ) ( ) ( )

( ) ( ){ }
1 1 1

1 1

2 1 : 1 2 1 :

2 1 : ,

q q q
i q i i q

q q
i q q i i

u I p u I p u

u I p u

− − −

− −

   + − − − =   
 = + − ∆  

 
 (4.4.52)

 

ba�dhlhjh]h�\ul_dZ_l�bkdhfh_�khhlghr_gb_�^ey�kj_^g_]h�agZq_gby 

 
( ) ( ) ( )

( ) ( ){ } ( )

1 1
1

1 1
1 1

1 2 1 :

2 1 : .

q
q

q

m q
q q

i q q i i
i

I p u

u I p u

−−

−
− −

 − − = 

 = + − ∆  ∑
 

 (4.4.53)
 

Ijb� 1q = � ba� ��������� ihemqbf� ba\_klgh_� \ujZ`_gb_� bgnhjfZpbb�

jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) ( ):
2: log 2 i i

m I p u
i

i
I p u u ∆= ∑ .  (4.4.54) 

<ujZabf�bgnhjfZpbx�jZaebqby�q_j_a�nemdlmZpbx�kemqZcghc� wgljh�

ibb� ( )q q ih p ∆   � b� wgljhibx�OZ\j^Z–QZj\Zl–>Zjhrb� \� h[s_f� \b^_��>ey�

q_]h�i_j_ibr_f�kemqZcgmx�bgnhjfZpbx�jZaebqby�ke_^mxsbf�h[jZahf 

 
( ) ( ) ( )

( ) ( ) ( )1

:

.

q i i q i q i

q
q i q i q q i

I p u h p h u

h p H u u h u−

 = − − = 
   = − − + ∆   

 
 (4.4.55)

 

Mkj_^gyy�����������ihemqbf�\ujZ`_gb_ 

 ( )
( ) ( ) ( )

( ) ( )1
:

1 2 1

m
q

q q q q i i
i

q q
q

H p H u h u p
I p u

H u−

   − − + ∆   
=

+ −

∑
,  (4.4.56) 

dhlhjh_� hlebqZ_lky� hl� khhl\_lkl\mxs_c�nhjfmeu� ��������� klZlbklb�

q_kdhc� fh^_eb� R_gghgZ–<bg_jZ� ^hihegbl_evguf� fgh`bl_e_f 

( ) ( )11 2 1q
qH u− + −  �� aZ\bkysbf� hl� wgljhibb� OZ\j^Z–QZj\Zl–>Zjhrb�

^ey�jZkij_^_e_gby�u . 
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GZdhg_p�� gZoh^bf� agZq_gb_� nemdlmZpbb� kemqZcghc� bgnhjfZpbb�

jZaebqby 

 ( ) ( ) ( ){ }:q q i i q q i q q iI p u h p h u     ∆ = − ∆ − ∆ +        

 ( ) ( ) ( ) ( )12 1 : ,
m

q q
q q q q i i

i
I p u H u h u p−  + − − ∆  ∑   (4.4.57) 

]^_�\�hlebqb_�hl�agZq_gby����������bf__f�^hihegbl_evgh_�keZ]Z_fh_�\�\b�

^_� ijhba\_^_gby� bgnhjfZpbb� jZaebqby� JZlv_–DZggZiiZgZ� b� wgljhibb�
OZ\j^Z–QZj\Zl–>Zjhrb� 

BgnhjfZpby�jZaebqby��aZibkZggZy�\�h[s_f�\b^_�����������bkihevah�

\ZeZkv�Z\lhjhf�^ey�nbabq_kdbo�ijbeh`_gbc�>��@� 
���BgnhjfZpby�jZaebqby�k� 1iu m= .�BgnhjfZpby�jZaebqby�\�kh�

klhygbb�c�jZkij_^_e_gb_f� p �hlghkbl_evgh�jZ\gh\_jhylgh]h�khklhygby�k�

1iu m= �bf__l�\b^ 

 
( ) ( )

( ) ( ) ( ){ }
11 1

11 1 1

: 2 1 1

1 2 1 .

m
q q q

q i
i

q q q
q

I p u p m

m H p m

−− −

−− − −

 = − − =  

= − − − −

∑
 

 (4.4.58)
 

Kh]eZkgh�g_jZ\_gkl\Zf����������b����������ba����������\ul_dZ_l 

 ( ) ( ) ( )11 11 2 1q q
qH p m

−− −< − − �ijb� 0q > , 

 ( ) ( ) ( )11 11 2 1q q
qH p m

−− −> − − �ijb� 0q < .  (4.4.59) 

LZdbf�h[jZahf��wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb�f_gvr_��[hevr_���

q_f�wgljhiby�jZ\gh\_jhylgh]h�khklhygby�ijb� 0q >  ( )0q < . 

���G_jZ\_gkl\Z��BgnhjfZpby�jZaebqby�m^h\e_l\hjy_l�g_jZ\_gkl\Zf 

 ( ) ( ) ( )12 12 1 1 2 2: : :q q qI p u I p u I p u≤ + ,  (4.4.60) 

 ( ) ( ): :qI p u I p u≥ , ( )0q > ,  (4.4.61) 

 ( ) ( ): :qI p u I p u≤ , ( )0q < ,  (4.4.62) 

 ( ) ( ) ( ): :q qI p w u w I p u≤   ,  (4.4.63) 

 ( )
n

i k ki
k

p w p w= ∑ , ( )
n

i k ki
k

u w u w= ∑ , 1
m

ki
i

w =∑ .  (4.4.64) 
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Ih^jh[gu_�k\_^_gby�h�g_jZ\_gkl\Zo�ijb\h^ylky�\�h[ahjZo�>��������@� 
���G_]wgljhibcguc�ijbgpbi��Imklv�kj_^g__� agZq_gb_�nemdlmZpbb�

kemqZcghc�wgljhibb� ( )ih u �^ey�jZkij_^_e_gby� ip �m^h\e_l\hjy_l�jZ\_gkl\m 

 
( ){ } ( ) ( )

( ) ( )

1

0 ,

m
q q

q q q q i q i
i

m m
q q

q i i q i i
i i

h u h u H u p p

h u p h u u

−   ∆ = − =   

= − =

∑

∑ ∑

E
 

 (4.4.65)
 

qlh�ijb\h^bl��kh]eZkgh�����������d�\ujZ`_gbx�bgnhjfZpbb�jZaebqby 

 ( )
( ) ( )

( ) ( )1
:

1 1 2

q q

q q
q

H p H u
I p u

H u−

 − = −
+ −

.  (4.4.66) 

Ba����������\ul_dZ_l�khhlghr_gb_ 

 ( ) ( ) ( ) ( ) ( )1: 1 1 2 q
q q q qH p H u I p u H u− = − + −  ,  (4.4.67) 

]^_�bgnhjfZpby�jZaebqby�k�lhqghklvx�^h�fgh`bl_ey�ij_^klZ\e_gZ�\�\b^_�

hljbpZl_evgh]h�\deZ^Z�\� wgljhibx�b�ihwlhfm�gZau\Z_lky�g_]wgljhib_c��

Khhlghr_gb_����������ij_^klZ\ey_lky�lZd`_�\�ke_^mxs_f�\b^_� 

 
( ) ( )

( ) ( ) ( ) ( )

1

1 1

1 1 2

1 1 2 1 1 2 : .

q
q

q q
q q

H p

H u I p u

−

− −

 + − = 
   = + − − −   

 
 (4.4.68)

 

<�h[s_f�kemqZ_�\uihegy_lky�g_]wgljhibcguc�ijbgpbi 

 ( ) ( ) ( ) ( ) ( )1: 1 1 2 0q
q q q qI p u H u H p H u−   + − + − >   , 0q > , 

 ( ) ( ) ( ) ( ) ( )1: 1 1 2 0q
q q q qI p u H u H p H u−   + − + − <   , 0q < .  (4.4.69) 

AgZd�g_jZ\_gkl\Z�khhl\_lkl\m_l�g_h[jZlbfuf�ijhp_kkZf��ijhbkoh^ysbf�

\�kemqZcghf�h[t_dl_� 

���JZkoh`^_gb_��KmffZ�bgnhjfZpbc�jZaebqby� ( ):qI p u �b� ( ):qI u p  

hij_^_ey_l�\ujZ`_gb_�jZkoh`^_gby�>�������@ 

 ( ) ( ) ( ): : :q q qJ p u I p u I u p= + =  
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 ( ) ( )11 1 11
2 2 1 1 ,

2

m
q q q q q

i i i i
i

p u u p
−− − − = − − +  

∑  (4.4.70) 

dhlhjh_� kbff_ljbqgh� ijb� aZf_g_� jZkij_^_e_gby� p � gZ� u ��NmgdpbhgZe�

���������y\ey_lky�\uimdeuf�b�g_Z^^blb\guf�^ey�g_aZ\bkbfuo�h[t_dlh\� 
���F_jZ�g_lhqghklb��F_jZ�klZlbklbq_kdhc�g_lhqghklb�hij_^_ey_l�

ky�ba\_klghc�nhjfmehc����������ijb�Z^^blb\ghklb�f_j 

 

( ) ( ) ( )

( ) ( ) 11 1

: :

2 1 .

q q q

m m m
q q q q q

q i i i i i
i i i

H p u H p I p u

h u p p p u
−− −

= + =

 = = − −  
∑ ∑ ∑

 
 (4.4.71)

 

<�ij_^_e_� 1q → �ba����������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ . (4.4.72) 

Ke_^mxsb_�\ujZ`_gby�^ey�f_ju�g_lhqghklb 

 ( ) ( ) 11 1: 1 2 1
m

q q
q i i

i
H p u u p

−− − = − −  
∑ , (4.4.73) 

 ( ) ( ) ( )1 11: 1 2 1
m

q qq
q i i

i
H p u u p

− −−  = − −  
∑ , (4.4.74) 

 ( ) ( ) 11

1
: 1 2 1

m
q
i

q i
q m

q q
i i

i

p
H p u

p u

−−

−

 
 

= − − 
   

∑

∑
  (4.4.75) 

b�^jm]b_��bf_xsb_�lZd`_�ij_^_evgh_�agZq_gb_�����������ijb\h^ylky�\�h[�

ahjZo�>��������@� 
Lhqgh_�\ujZ`_gb_�f_ju�klZlbklbq_kdhc�g_lhqghklb�^Z_lky�nhjfm�

ehc�^ey�g_Z^^blb\guo�f_j 

 

( ) ( ) ( ) ( ) ( ) ( )

( )

1

11 1

: : 1 2 :

1 2 1 2 .

q
q q q q q

m m m
q q q q q

i i i i
i i i

H p u H p I p u H p I p u

p p p u

−

−− −

= + − − =

 = − − +  
∑ ∑ ∑

  
(4.4.76)
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GZ�jbk�����ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��g_ghjfbjh�

\Zgghc� bgnhjfZpbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � \�

\b^_�����������djb\Zy�3��b�\�\b^_�����������djb\Zy�4��hl�jZkij_^_e_gby�ijb�
2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Z [ 

Jbk����� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb 
OZ\j^Z–QZj\Zl–>Zjhrb hl jZkij_^_e_gby� 

1 – wgljhiby ( )
q

H p , 2 – g_ghjfbjh\ZggZy bgnhjfZpby 

jZaebqby ( ):qI p u , 3 b 4 –f_jZ g_lhqghklb ( ):qH p u  

 

<�hlebqb_�hl�fh^_e_c�R_gghgZ–<bg_jZ��J_gvb�b�JZlv_–DZggZiiZgZ�
f_jZ�g_lhqghklb�ijb� 1 1 2u = �g_�ij_^klZ\ey_lky�\�\b^_�ijyfhc�ebgbb��qlh�

k\yaZgh�k�g_ghjfbjh\Zgghklvx�jZkkfZljb\Z_fhc�bgnhjfZpbb�jZaebqby� 
����BgnhjfZpbhgguc �jZ^bmk��Bkihevamy�g_jZ\_gkl\h� ���������ijb�

1 2 1 2a a= = ��bf__f�\ujZ`_gby�bgnhjfZpbhggh]h�jZ^bmkZ�>��@ 

 

( ) ( ) ( )

( ) 11

1
:

2 2

1 2 .
2 2

q q q q

qq qm
q i i i i

i

p u
R p u H H p H u

p u p u−−

+   = − + =    
 + +  = − −  
   

∑
 

 (4.4.77)

 

1 

2 

3 

1 
2 

3 

( ), ( : ), ( : )
q q q

H p I p u H p u  
4 
 

 
3 
 

 
2 
 

 
1 
 

 
0 

 0,2        0,4        0,6        0,8          1  p 

4 
 

 
3 
 

 
2 
 

 
1 
 

 
0 

0,2        0,4        0,6         0,8          1  p 

( ), ( : ), ( : )
q q q

H p I p u H p u  

4 

4 
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Ijb� 1q → � ba� ��������� ke_^m_l� \ujZ`_gb_� ��������� klZlbklbq_kdhc�

fh^_eb�R_gghgZ–<bg_jZ�� Ba\_klgh� ^jm]h_� agZq_gb_� bgnhjfZpbhggh]h�
jZ^bmkZ�>��������@ 

 

( )

( )
1

11

1
: : :

2 2 2

1 2 1 ,
2 2

q q q

qq qm
q i i i i

i

p u p u
R p u I p I u

p u p u
−

−−

 + +    = + =        
 + +  = − − 
   

∑
 

 (4.4.78)

 

dhlhjh_�y\ey_lky�h[h[s_gb_f�nmgdpbhgZeZ���������� 

����BgnhjfZpbhggh_ �jZkklhygb_��Imklv� ( ) ( )21
, :

2 qp u I p uδ = � _klv�

g_kbff_ljbqguc�ZgZeh]�jZkklhygby�hl�jZkij_^_e_gby� p �^h� u ��>ey�lZdh�

]h� bgnhjfZpbhggh]h� jZkklhygby� g_� \uihegy_lky� g_jZ\_gkl\h� lj_m]hev�

gbdZ��Z�bf__lky�g_kbff_ljbqguc�ZgZeh]�l_hj_fu�IbnZ]hjZ 

 ( ) ( ) ( ): : :q q qI p u I p w I w u= + ,  (4.4.79) 

_keb�\uihegy_lky�jZ\_gkl\h 

 1 1 1
m m m

q q q q q q
i i i i i i

i i i
p u p w w u− − −+ =∑ ∑ ∑ .  (4.4.80) 

���� Ghjfbjh\Zgghklv � b� jZaf_jghklv�� NmgdpbhgZe� ��������� k�

1 qλ = − �y\ey_lky�nbabq_kdhc�[_ajZaf_jghc�bgnhjfZpb_c�jZaebqby� 

 ( ) 11
: 1

1

m
phys q q
q i i

i
I p u p u

q
− = − −  

∑ .  (4.4.81) 

BgnhjfZpbx� jZaebqby� JZlv_–DZggZiiZgZ� \� \b^_� nbabq_kdhc� jZa�

f_jghc�bgnhjfZpbb�jZaebqby� ( ) ( ): :phys
q qI p u kI p u= �bkihevah\Ze�Z\lhj�

ijb�bkke_^h\Zgbb�ijhp_kkh\�kZfhhj]ZgbaZpbb�b�g_h[jZlbfhklb�\�g_wdk�

l_gkb\guo�kbkl_fZo�>���– 23]. 
JZkkfZljb\Z_fZy� bgnhjfZpby� jZaebqby� g_� m^h\e_l\hjy_l� mkeh\bx�

ghjfbjh\Zgghklb� gZ� _^bgbpm� b� jZ\gy_lky� hlghr_gbx� nbabq_kdhc� [_a�

jZaf_jghc� bgnhjfZpbb� jZaebqby� gZ� agZq_gb_� nbabq_kdhc� wgljhibb�

( )phys
qH u �ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= ��<uihegy_lky�ke_^mx�

s__�jZ\_gkl\h� 
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 ( )
( ):

:
1 1

,
2 2

phys
q

q
phys
q

I p u
I p u

H
=

 
  

,  (4.4.82) 

]^_ 

 ( )
21

1
1

phys q
q i

i
H u u

q
 = − −  

∑ , ( )11 1 1
, 1 2

2 2 1
phys q
qH

q
−  = −  − 

.  (4.4.83) 

>ey�bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ�bf__f 

 ( )
( ):

:
1 1

1,0 : ,
2 2

phys
q

q
phys
q

I p u
I p u

I
=

 
  

, ( )11 1 1
1,0 : , 1 2

2 2 1
phys q
qI

q
−  = −  − 

.  (4.4.84) 

LZdbf�h[jZahf��hlebqb_�^\mo�nmgdpbhgZeh\���������b����������khklh�

bl�\�jZaguo�agZq_gbyo�ghjfbjh\hqguo�fgh`bl_e_c�m�nbabq_kdhc�[_ajZa�

f_jghc�bgnhjfZpbb��<� klZlbklbq_kdbo�fh^_eyo�R_gghgZ–<bg_jZ�b�J_�
gvb�fgh`bl_ev�bf__l�h^bgZdh\h_�agZq_gb_��jZ\gh_� ln 2 . 

����BgnhjfZpby�Nbr_jZ��Ij_^_evgh_� agZq_gb_�bgnhjfZpbb�jZa�

ebqby�\�kemqZ_�jZkij_^_e_gbc� ( )ip θ �b� ( ) ( )i iu pθ = θ + δθ �bf__l�\b^ 

 

( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( )

1
1

2 2
2

21

1
: 1

2 1

1
,

22ln 2 2 1

m
q q

q i iq
i

m
q i q

iq
i

I p p

h pq q
p

−
−

θθ−

 θ θ + δθ = − θ θ + δθ = −  
 ∂ θ− δθ  = Γ δθ = θ
∂θ−

∑

∑
 

 (4.4.85)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑   (4.4.86) 

ij_^klZ\ey_l� kh[hc� f_jm� Nbr_jZ� h� \_ebqbg_� g_nemdlmbjmxs_]h� 
iZjZf_ljZ� θ � \� l_hjbb� hp_gb\Zgby� fZl_fZlbq_kdhc� klZlbklbdb  
[32, 33, 39, 74, 75]. 

����>\mo�b� k -iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby��JZkkfhl�

jbf�\a\_r_ggh_�g_ghjfbjh\Zggh_�mkj_^g_gb_�k�\_khf� q r
i ip u− ��Lh]^Z��mqb�

lu\Zy�\ujZ`_gb_� 
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 ( )

m
q r

i i i
i

q m

i
i

T p u
T

p

−

=
∑

∑
E   (4.4.87) 

b�� bkihevamy� Zdkbhfu� jZa^_eZ� ����� ihemqbf� ^\moiZjZf_ljbq_kdmx� bg�

nhjfZpbx�jZaebqby 

 ( ) ( ) ( )1

, : , 1 q

q

m D qq
q D q i i

i
I p u q D p u

− = λ −  
∑ ,  (4.4.88) 

]^_� ( ), qq Dλ  – ghjfbjh\hqguc�fgh`bl_ev�b 

 
1qD

q

τ=
−

.  (4.4.89) 

Nbabq_kdZy�[_ajZaf_jgZy�bgnhjfZpby�jZaebqby�bf__l�\b^�>��@ 

 ( ) ( )1

,

1
: 1

1
q

q

m D qphys q
q D i i

i
I p u p u

q

− = − −  
∑ .  (4.4.90) 

>ey�gZoh`^_gby ( ), qq Dλ �aZibr_f�jZ\_gkl\Z 

 ( )
( ),

,

:
:

1 1
,

2 2

q

q

phys
q D

q D
phys
q

I p u
I p u

H
=

 
  

, ( )
21

1
1

phys q
q i

i
H u u

q
 = − −  

∑ ,  (4.4.91) 

 ( )
( ),

,

,

:
:

1 1
1,0 : ,

2 2

q

q

q

phys
q D

q D
phys
q D

I p u
I p u

I
=

 
  

.  (4.4.92) 

Kh]eZkgh����������–����������ihemqbf�^\Z�nmgdpbhgZeZ 

 ( ) ( ) ( )1 11
, : 1 2 1 q

q

m D qq q
q D i i

i
I p u p u

− −−  = − −  
∑ ,  (4.4.93) 

 ( ) ( )( ) ( )11 1

, : 1 2 1q q

q

mD q D qq
q D i i

i
I p u p u

−− − = − −  
∑ ,  (4.4.94) 

dhlhju_�ijb� 1qD = �kh\iZ^Zxl��khhl\_lkl\_ggh��k�nmgdpbhgZeZfb����������

b��������� 
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Hlf_lbf�� qlh� ihemq_ggu_� bgnhjfZpbb� jZaebqby� h[eZ^Zxl� \k_fb�

ijb\_^_ggufb�k\hckl\Zfb��^ey�gbo�fh`gh�\\_klb� agZq_gby�bgnhjfZpb�

hggh]h�jZ^bmkZ��jZkklhygby��f_ju�jZkoh`^_gby��g_lhqghklb�b�l�i� 
Hij_^_ebf� k -iZjZf_ljbq_kdmx�nbabq_kdmx�[_ajZaf_jgmx�bgnhj�

fZpbx�jZaebqby 

 

( )
1 2

1 2

, , , 1 2

1 2
1 2

: : :

1
1 , 1,

, , ,

k

k

k

m m

i i ki ri
i ik

I p p p

p p p p

α α α

αα α

=

 = − = α α α  
∑ ∑

!

!

!

!

 
 (4.4.95)

 

dhlhjZy�y\ey_lky�\uimdeuf��g_Z^^blb\guf�nmgdpbhgZehf�^ey�g_aZ\bkb�

fuo�h[t_dlh\� 
Ijb� 1, 2r = � iheh`bf� 1i ip p= � b� 2i ip u= �� Z� lZd`_� 1 2 1α + α = � k�

1 qα = �b� 2 1 qα = − ��<�blh]_�ba� ���������\ul_dZ_l�ke_^mxsZy�bgnhjfZpby�

jZaebqby�>�����������@ 

 ( ) ( )
1

,1

1
: 1

1

m
q q

q q i i
i

I p u p u
q q

−
−

 = − −  
∑   (4.4.96) 

k�ij_^_evgufb�agZq_gbyfb�ijb� 0q = �b� 1q =  

 ( )0,1 2: log
m

i
i

i i

u
I p u u

p

 
=    

∑ ,  (4.4.97) 

 ( )1,0 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑ .  (4.4.98) 

15. f-bgnhjfZpby� jZaebqby��BgnhjfZpby� jZaebqby� ij_^klZ\ey_l�
kh[hc� f -�bgnhjfZpbb�jZaebqby 

 ( ):
m

i
f i

i i

u
I p u f p

p

 
=    

∑ , ( )

1

1

1

2 1

q

i

i

q

u

p
f

−

−

 
−    =

−
,  (4.4.99) 

 ( ) ( ): ,
m

f i i
i

I p u f p u= ∑ , 
( )

( )
1

12 1

q q
i i i

q

p p u
f

−

−

−
=

−
,  (4.4.100) 
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 ( ) 1:f q

p
I p u f N

u−
  =     

, ( )

1

1

1

1

2 1

q

q

q

p
N

u
f

−

−

−

  −     =
−

.  (4.4.101) 

Nmgdpby� ( ),f p u �\� ���������� _klv�bgnhjfZpbhggZy�nmgdpby�� Z�\u�

jZ`_gb_�����������–�nmgdpby�hl�ihemghjfu�jZkij_^_e_gby� 
<� kemqZ_� lj_o� jZkij_^_e_gbc�nmgdpbhgZeu� ���������� ���������� ijb�

fml�\b^ 

 ( ): :
m

i
f i

i i

w
I p w u f p

u

 
=    

∑ ,  (4.4.102) 

 ( ) 1: :f q

w
I p w u f N

u−
  =     

,  (4.4.103) 

]^_�ihemghjfZ�jZkij_^_e_gby 

 1 1
1

m
q q

q i i i
i

w
N w u p

u
− −

−
  =  

∑ .  (4.4.104) 

>ey� bgnhjfZpbb� jZaebqby� JZlv_–DZggZiiZgZ� dhwnnbpb_gl�

( )12 1q− − � aZf_gy_lky� gZ� ( )11 2q−− �� ?keb� nmgdpbhgZevgZy� aZ\bkbfhklv� \�

����������bf__l�\b^ 

 ( )
1

11
11 2 1

q
q

q

w
f N

u

−
−−

−

    = − −       
,  (4.4.105) 

lh�ihemqbf�\ujZ`_gb_ 

 ( ) ( ) 11 1 1: : 1 2 1
m

q q q
f i i i

i
I p w u w u p

−− − − = − −  
∑ ,  (4.4.106) 

jZkkfZljb\Z_fh_�\�jZ[hl_�>��@� 
���� D\Zglh\u_� bgnhjfZpbhggu_ � f_ju�� >ey� d\ZabdeZkkbq_kdhc�

klZlbklbdb�jZkkfZljb\Z_lky�\a\_r_ggh_�kj_^g__�ih�\_kZf� iυ  

 ( ) ( )

1

1

1
1

1 2

m
q
i i

i
q mq

i
i

p
H p

−

−

 υ 
= − 

−  υ  

∑

∑
,  (4.4.107) 

dhlhjh_�ijb� 1q → �kh\iZ^Z_l�k�wgljhib_c����������� 
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D\Zglh\u_� bgnhjfZpbhggu_� f_ju� ^ey� klZlbklbdb� FZdk\_eeZ–
;hevpfZgZ�bf_xl�\b^�>��@ 

 ( ) ( )
11

:
1 2

m m
q q

q i i i i iq
i i

H p u p p u−
−

 = υ − υ −  
∑ ∑ ,  (4.4.108) 

 ( ) ( )
1

1

1
:

1 2

m m
q q

q i i i i iq
i i

I p u p p u−
−

 = υ − υ −  
∑ ∑ .  (4.4.109) 

<�ij_^_e_� 1q → �ba� ����������b� ����������\ul_dZ_l�bgnhjfZpby�jZa�

ebqby����������b�f_jZ�g_lhqghklb�>��������@� 

�����Lbi�g_Z^^blb\ghc�q-wgljhibb� 
b�q -bgnhjfZpbb�jZaebqby 

Imklv� kemqZcguc� h[t_dl� khklhbl� ba� ^\mo� g_aZ\bkbfuo� kemqZcguo�

h[t_dlh\��>ey�agZq_gbc�ihemghjf�jZkij_^_e_gbc 

 ( )1 12qN N p−= , ( )1 1 1qN N p−= , ( )2 1 2qN N p−=   (4.5.1) 

kijZ\_^eb\h�k\hckl\h�fmevlbiebdZlb\ghklb 

 1 2N N N= .  (4.5.2) 

Kh\f_klgh_� jZkij_^_e_gb_� _klv� ij i jp p p= �� Z� ip �b� jp � hlghkylky� d�

g_aZ\bkbfuf�h[t_dlZf� 
Bkihevam_f�k\hckl\h�g_Z^^blb\ghklb�^ey�q -wgljhibb  

 ( )1
1 2 1 22 1qH H H H H−= + + − ,  (4.5.3) 

]^_� ( )H H N= , ( )1 1H H N= �b� ( )2 2H H N= . 

Ihke_�^bnn_j_gpbjh\Zgby���������k�bkihevah\Zgb_f���������ihemqbf�

mjZ\g_gb_�>��@ 

 

( ) ( )

( )

1 1 1
1

1

1 2
2

2

lnln
1 2 1 1 2 1

ln
1 2 1 ,

q q

q

d Nd N
H H

dH dH

d N
H

dH

− −

−

   + − = + − =   

 = + − = λ 

  
(4.5.4)

 

]^_�λ  –�ijhba\hevgZy�ihklhyggZy��aZ\bkysZy�hl�q . 
Bgl_]jbjm_f���������b�bf__f�q -wgljhibx 

 ( ) ( ) ( ) ( )12 111
12 1 1

q
q

q qH p N p
− − λ−−

−
  = − −   

.  (4.5.5) 
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Mqblu\Zy� mkeh\b_� ghjfbjh\Zgghklb� wgljhibb�
1 1

, 1
2 2qH   =  

� ijb�

2m= �b� 1 2 1 2p p= = �ihemqbf�jZ\_gkl\h 

 ( ) ( )12 1112 1 2 1 1
q

q
− − λ−−  − − = 

 
,  (4.5.6) 

ba�dhlhjh]h�gZoh^bf�agZq_gb_�ihklhygghc 

 
11 2

1

q

q

−−λ =
−

.  (4.5.7) 

<�blh]_�ba���������\ul_dZ_l�wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb 

 ( ) ( ) ( ){ } ( )11 11 1
11 2 1 1 2 1

m
q
iq

q q i
q q m

i
i

p
H p N p

p

−− −− −
−

 
 

 = − − = − −      

∑

∑
.  (4.5.8) 

:gZeh]bqgh��bkihevamy�ihemghjfu 

 12
1
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q

p
N N

u−

 
=    

, 1
1 1

1
q

p
N N

u−

 
=    

, 2
2 1

2
q

p
N N

u−

 
=    

  (4.5.9) 

b�k\hckl\h�g_Z^^blb\ghklb�^ey�q -bgnhjfZpbb�jZaebqby 

 ( )1
1 2 1 22 1qI I I I I−= + + − ,  (4.5.10) 

ihemqbf�mjZ\g_gb_ 

 

( ) ( )

( )

1 1 1
1

1

1 2
2

2

lnln
1 2 1 1 2 1
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1 2 1 .

q q

q

d Nd N
I I

dI dI

d N
I

dI

− −

−

   + − = + − =   

 = + − = λ 

 

 (4.5.11)

 

J_r_gb_f����������y\ey_lky�q -bgnhjfZpby�jZaebqby 

 ( )
( )12 1

11
12 1 1

q

q
q q

p p
I N

u u

− − λ
−−

−

      = − −           
,  (4.5.12) 

dhlhjZy�k�mq_lhf�mkeh\by�ghjfbjh\Zgghklb�
1 1

1,0 : , 1
2 2qI   =  

�ijb\h^bl�d�

jZ\_gkl\m� 
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 ( ) ( )11 2112 1 2 1 1
q

q
−− λ−−  − − = 

 
.  (4.5.13) 

Ba����������ihemqbf 

 
11 2

1

q

q

−−λ =
−

  (4.5.14) 

b�\�blh]_�ba����������\ul_dZ_l�bgnhjfZpby�jZaebqby�JZlv_–DZggZiiZgZ 
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∑
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 (4.5.15)

 

Ijb�bkihevah\Zgbb�k\hckl\Z�g_Z^^blb\ghklb�\�\b^_ 

 ( )1
1 2 1 21 2 qI I I I I−= + + −   (4.5.16) 

b�ihke_�\uqbke_gbc�gZoh^bf 
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q
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−
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.  (4.5.17) 

Ijb�agZq_gbb�ihklhygghc 
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q
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−

  (4.5.18) 

ba����������ke_^m_l�g_ghjfbjh\ZggZy�bgnhjfZpby�jZaebqby� 
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∑

 

 (4.5.19)
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Ijb� 1
m

i
i

p =∑ �nmgdpbhgZeu� ���������b� ���������kh\iZ^Zxl�k�\ujZ`_�

gbyfb���������b���������� 

�����Wdklj_fmf�ihemghjfu�jZkij_^_e_gby 

JZkkfhljbf�wdklj_fmf�ihemghjfu�jZkij_^_e_gby�>��@ 

 ( )
( )1 1

1

qm
q

q i
i

N p p
−

−
 =   
∑   (4.6.1) 

ijb�khojZg_gbb�ghjfbjh\db 

 1
m

i
i

p =∑ .  (4.6.2) 

>ey�wlh]h�\uqbkebf�[_amkeh\guc�wdklj_fmf�nmgdpbhgZeZ 

 
( )1 1qm m

q
i i

i i
L p p

− = − α  
∑ ∑ ,  (4.6.3) 

]^_�α �_klv�fgh`bl_ev�EZ]jZg`Z��Bkihevamy�jZ\_gkl\h 

 
( ) ( )2 1

1 0
1

q qm m m
q q
i i i i

i i i

q
L p p p p

q

− −
− δ = δ − α δ = −  

∑ ∑ ∑ ,  (4.6.4) 

ihemqbf 

 1 0q
iq p −γ − α = , 

( ) ( )2 1
1

1

q qm
q
i

i
p

q

− − γ =  −  
∑ .  (4.6.5) 

Mqblu\Zy�mkeh\b_�ghjfbjh\db� ���������ba� ��������\ul_dZ_l�jZ\gh\_�

jhylgh_� jZkij_^_e_gb_� 1ip m= � b� wdklj_fZevgh_� agZq_gb_� ihemghjfu�

jZkij_^_e_gby� ( ) 1N p m= . 

>Ze__� jZkkfhljbf� \ZjbZpbhgguc� ijbgpbi� wdklj_fmfZ� ihemghjfu�

jZkij_^_e_gby�ijb�aZ^Zgghklb�g_ghjfbjh\Zggh]h�kj_^g_]h�agZq_gby�kem�

qZcghc�\_ebqbgu� { }1, , mh h h= ! �b�ghjfbjh\db 

 ( )
m

q
i i

i
H p h p= ∑ , 1

m

i
i

p =∑ .  (4.6.6) 

Kh]eZkgh�\ZjbZpbhgghfm�ijbgpbim��hij_^_ebf�nmgdpbhgZe� 
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( )1 1qm m m

q q
i i i i

i i i
L p h p p

− = + τ − α  
∑ ∑ ∑ .  (4.6.7) 

IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx 
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1

1

1
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q qm m
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q
L p p p
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q h p p p
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+τ δ − α δ =

∑ ∑

∑ ∑
 

 (4.6.8)

 

ihemqbf� 

 ( ) 1 0q
i iq h p −γ − τ − α = .  (4.6.9) 

Ihkdhevdm� τ � b� α � bf_xl� ijhba\hevgu_� agZq_gby�� lh�
1q−τ = −γλ = −α λ ��Lh]^Z�ba���������\ul_dZ_l�jZkij_^_e_gb_ 

 ( ) ( )1 1
1

q

i ip h
−

= + λ   (4.6.10) 

b�\ujZ`_gb_�kemqZcghc�wgljhibb 

 ( ) ( )1 11 q
i i ih h p p− −= = −λ − .  (4.6.11) 

Mkj_^gyy����������ihemqbf�q -wgljhibx� 

 ( ) ( ) 1 1
m m

q q
q i i i

i i
H p h p p p−  = = −λ −  

∑ ∑ ,  (4.6.12) 

dhlhjZy� ijb� \uiheg_gbb� mkeh\by� ghjfbjh\Zgghklb�
1 1

, 1
2 2qH   =  

� ijb�

2m= �b� 1 2 1 2p p= = �ijb\h^bl�d�jZ\_gkl\m 

 ( )11 2 q−λ = − .  (4.6.13) 

Ih^klZ\eyy�agZq_gb_�dhwnnbpb_glZ� ���������\� ���������bf__f�wgljh�

ibx�OZ\j^Z–QZj\Zl–>Zjhrb 

 ( ) ( )11 2 1
m

q q
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i
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∑ .  (4.6.14) 

:gZeh]bqgh��gZoh^bf�wdklj_fmf�ihemghjfu�jZkij_^_e_gby 
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ijb� ^hihegbl_evguo� mkeh\byo� aZ^Zgghklb� g_ghjfbjh\Zggh]h� kj_^g_]h�

agZq_gby�\_ebqbgu� { }1, , mI I I= ! �b�khojZg_gby�ghjfbjh\db 
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q
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i
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i
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p =∑ .  (4.6.16) 

Hij_^_ebf�nmgdpbhgZe 

 
( )1 1

1
qm m m

q q q
i i i i i

i i i
L p u I p p

−
− = − τ − α  

∑ ∑ ∑   (4.6.17) 

b�ijbjZ\gy_f�_]h�i_j\mx�\ZjbZpbx�gmex��Lh]^Z�ba�jZ\_gkl\Z 
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q
L p u p u

q

q h p p p

− −
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−τ δ − α δ =

∑ ∑
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 (4.6.18)

 

ihemqbf 

 ( )1 1 0q q
i i iq u I p− −γ − τ − α = , 

( ) ( )2 1
1

q qm
q q
i i

i
p u

− −
− γ =   

∑ .  (4.6.19) 

IheZ]Zy� 1q−τ = γλ = α λ ��ba����������bf__f�\ujZ`_gb_�kemqZcghc�bg�

nhjfZpbb�jZaebqby 

 ( ) ( )1 1 1: q q
i i i i iI I p u p u− − −= = λ − .  (4.6.20) 

Kj_^g__�__�agZq_gb_�^Z_l�nmgdpbhgZe 

 ( ) ( ) 1 1: : 1
m m

q q q
q i i i i i

i i
I p u I p u p p u− − = = λ −  

∑ ∑ ,  (4.6.21) 

dhlhjuc�ijb�\uiheg_gbb�mkeh\by�ghjfbjh\Zgghklb�
1 1

1,0, , 1
2 2qI   =  

�kh\�

iZ^Z_l�k�bgnhjfZpb_c�jZaebqby�JZlv_–DZggZiiZgZ 
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m
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q i i

i
I p u p u− − = − −  

∑ .  (4.6.22) 

?keb�\uihegy_lky�mkeh\b_� 
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 ( ) ( ) ( ):i i i iI p u h p h u = − −  ,  (4.6.23) 

lh�^ey� λ �bf__f�jZ\_gkl\h����������b�\�blh]_�ba����������ke_^m_l�g_ghjfb�

jh\ZggZy�bgnhjfZpby�jZaebqby� 

 ( ) ( ) 11 1: 2 1 1
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q q q
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i
I p u p u

−− − = − −  
∑ .  (4.6.24) 

�����<ZjbZpbhgguc�ijbgpbi� 
^ey�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb� 
b�l_jfh^bgZfbq_kdb_�khhlghr_gby 

JZkkfhljbf�wdklj_fmf�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb 
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i
H p p
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∑   (4.7.1) 

ijb�aZ^Zgghf�agZq_gbb�ijhba\hevghc�kemqZcghc�\_ebqbgu� { }1, , mT T T= !  
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 (4.7.4)

 

ke_^m_l�jZ\_gkl\h 

 ( ) ( )1 12 1 1 1 0q q
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12 1

1

q

q
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−

.  (4.7.5) 

Ba���������ihemqbf�ghjfbjh\Zggh_�jZkij_^_e_gb_�k�iZjZf_ljZfb�q �b�τ  

 ( ) ( ) ( )1 1 11 1
q

i i qp q T
− − = + − λτ τ  Γ ,  (4.7.6) 



 211

]^_�nmgdpby 
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m q

q i
i
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− τ = + − λτ ∑Γ .  (4.7.7) 

Ijb� mkeh\bb� ( )1 1 0iq T+ − λτ > �b� 1q = �ba� ��������b� �������� \ul_dZ_l�

jZkij_^_e_gb_���������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 ( )12 iT
ip τ −= τΓ , ( ) 2 i

m
T

i

ττ = ∑Γ .  (4.7.8) 

>ey�wdklj_fZevgh]h�agZq_gby�wgljhibb�bf__f�\ujZ`_gb_ 
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−
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 (4.7.9)

 

]^_ 
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( )
1 1

1

q
q

qF
q

− τ −
=

λτ −

Γ
.  (4.7.10) 

Bkihevamy���������b�����������i_j_ibr_f�jZkij_^_e_gb_���������\�\b^_ 
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( )

( )1 1
1 1

1 1

q

i
i

q

q T
p

q F

− + − λτ
=  

+ − λτ  
  (4.7.11) 

b�ihemqbf�^bnn_j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( )qdH p d T= −λτ E .  (4.7.12) 

AZl_f�gZoh^bf�\lhjmx�\ZjbZpbx�nmgdpbhgZeZ�������� 

 ( )( ) ( )( ) ( )1 22 1 21 1 2 1 1
m

q q
i i

i
L q q q T p p

−− − δ = − − − + − λτ δ ∑ .  (4.7.13) 
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Ba� ���������ke_^m_l��qlh�wdklj_fmf�khhl\_lkl\m_l�fZdkbfmfm�b�fb�

gbfmfm� jZkkfZljb\Z_fh]h� nmgdpbhgZeZ�� khhl\_lkl\_ggh�� ijb� 0q >  

( )2 0Lδ < �b� 0q <  ( )2 0Lδ > ��LZdbf�h[jZahf��jZkij_^_e_gb_� ���������fZd�

kbfbabjm_l�b�fbgbfbabjm_l�wgljhibx�OZ\j^Z–QZj\Zl–>Zjhrb� 
Bkihevam_f�agZq_gb_�kemqZcghc�wgljhibb�b�ihemqbf�nhjfmem 
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  (4.7.14) 

k� nemdlmZpb_c� kemqZcghc� \_ebqbgu� T �� qlh� iha\hey_l� bkihevah\Zlv� __�

ijb�\uqbke_gbb�ijhba\hevguo�p_gljZevguo�fhf_glh\�� 
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>ey� wlbo� jZkij_^_e_gbc� g_ghjfbjh\ZggZy� bgnhjfZpby� jZaebqby� bf__l�
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AZibr_f�jZaghklv�wgljhibc 
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(4.7.17)

 

b�ihke_�\uqbke_gbc�hdhgqZl_evgh�ihemqbf�nhjfmem 

 ( ) ( )
1

0 0: 1 1q qI p u q F
− = + − λτ ×   
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 ( ) ( ) ( ) ( ){ }0 ,q q q qH p H u T T   × − − − λτ −   E E   (4.7.18) 

dhlhjZy�ijb� 1q = �kh\iZ^Z_l�k�bgnhjfZpb_c�jZaebqby�Dmev[ZdZ–E_c[e_jZ�

���������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 
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  (4.7.19) 

<�klZlbklbq_kdhc�nbabd_�kemqZcgufb�h[t_dlZfb�y\eyxlky�qZklbpu��

<� wlhf� kemqZ_�iheh`bf��qlh� kβ = − τλ � _klv�h[jZlgZy� l_fi_jZlmjZ�� iH  – 

^bkdj_lgu_� agZq_gby�wg_j]bb�qZklbpu�b� ( )q qE H= E  –�kj_^gyy�wg_j]by�

qZklbpu��Wdklj_fZevgh_�agZq_gb_�nbabq_kdhc�jZaf_jghc�wgljhibb 
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∑   (4.7.20) 

kh\iZ^Z_l� k� khhl\_lkl\mxsbf� \ujZ`_gb_f� \� klZlbklbq_kdhc� fh^_eb�
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,  (4.7.21) 

]^_� qF  –�k\h[h^gZy�wg_j]by��NhjfmeZ����������khhl\_lkl\m_l�^bnn_j_gpb�

Zevghfm�khhlghr_gbx 

 ( )q qTdH p dE=   (4.7.22) 

jZ\gh\_kghc�klZlbklbq_kdhc�l_jfh^bgZfbdb�aZfdgmluo�kbkl_f�>�@� 
>ey�hldjuluo�g_jZ\gh\_kguo�kbkl_f��dhlhju_�gZoh^ylky�\�hdjm`_�

gbb�k�l_fi_jZlmjhc� 0T ��bf__f�nbabq_kdmx�jZaf_jgmx�bgnhjfZpbx�jZa�

ebqby�\�\b^_ 
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( ) ( ) ( )0 01

00 0

1 1
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1 1 q q q q
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     = − − + −    − − β   
  (4.7.23) 

]^_� 0 01 Tβ = �b� ( )0 0q qE H= E �^ey�jZkij_^_e_gby 
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.  (4.7.24) 

<\_^_f�g_jZ\gh\_kguc�ihl_gpbZe�FZdk\_eeZ-–=xb�>�����@ 

 ( )0q q qE T H pΦ = − .  (4.7.25) 

Lh]^Z�bgnhjfZpby�jZaebqby 
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I p p
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=
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  (4.7.26) 

aZ\bkbl�hl�^\mo�ihl_gpbZeh\��]^_� ( )0 0 0 0q q qE T H pΦ = − ��<�iheghf�jZ\gh�

\_kbb�bo�agZq_gby�kh\iZ^Zxl� 0q qΦ = Φ �b� ( )0: 0I p p = . 

G_jZ\gh\_kguc�ihl_gpbZe�ij_^klZ\ey_lky��kh]eZkgh� ����������\�ke_�

^mxs_f�\b^_ 

 ( ) ( ) ( )1
0 0 0 0: 1 :q q q q qI p p k q I p p−βΦ = βΦ + + − βΦ ,  (4.7.27) 

]^_�y\gh�ijhy\ey_lky�g_Z^^blb\ghklv�jZkkfZljb\Z_fuo�\_ebqbg� 
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,  (4.7.28) 

]^_� \� hlebqb_� hl� ���������� bf__f� fgh`bl_ev�� aZ\bkysbc� hl� k\h[h^ghc�

wg_j]bb� 0qF �� AgZd�g_jZ\_gkl\Z� khhl\_lkl\m_l� kemqZx�g_h[jZlbfuo�ijh�

p_kkh\�\�hldjulhc�kbkl_f_� 
<�aZdexq_gb_�hlf_lbf��qlh�bkihevah\Zgb_�ghjfbjh\Zggh]h�kj_^g_�

]h� ���������\�jZkkfZljb\Z_fhc�\ZjbZpbhgghc� aZ^Zq_�ijb\h^bl�d�g_mkljZ�

gbfuf�ljm^ghklyf��g_hij_^_e_gghklv�\�agZdZo�\lhjhc�\ZjbZpbb� 2Lδ ��g_�

ebg_cguc� oZjZdl_j� aZ\bkbfhklb� nemdlmZpbb� kemqZcghc� wgljhibb� hl�

nemdlmZpbb�kemqZcghc�\_ebqbgu�b�l�i�� >��@���qlh�h]jZgbqb\Z_l�l_jfh^b�
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